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Abstract

In this paper, we study the natural convection heednsfer in a saturated
porous medium confined in a vertical annular porousedium. In this
study Finite Element Method (FEM) has been used golve governing
partial differential equations. Results are presext interms of average

Nusselt number @), streamlines and Isothermal lines for various vels
of Rayleigh number (Ra), Cone angle {Cand Radius ratio (R.

Keywords. Radius ratio, Cone angle, Streamlines, Nusselt mamb
Rayleigh number

1 Introduction

Natural convection heat transfer in a saturatedymmedium has a number
of important and geophysical applications, suchmadear reactor cooling
system and underground energy transport. The prsbtd free convection
about a vertical impermeable flat plate are stubydheng and Minkowycz
[1], Cheng [2], Na and Pop [3] Gorla and Zinalaloed#]. The vertical
cylinder cases are investigated by Minkowycz aner@h[5], Kumari etal
[6], Markin [7] and Basson et.al [8] Cheng et &] use the local non-
similarity method to analyze the natural convectdrmiarcial fluid about a
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cone. The effect of surface mass flux on a vertital plate [10] the
similarity solution is possible only when the véinas of the wall
temperature and the transpiration rate are prapa@atito power-law of x
measured from the leading edge. From practicaltdimiew, however, the
uniform mass flux may be easily realized. The dfi@cuniform surface
mass flux on a vertical flat plate with uniform Wwakmperature is
investigated by Merkin [11] and Minkowycz and Chddg]. Yucel [13],
and Hwang and Chen [14] numerically study the galttylinder case.

2 FORMULATION OF THE PROBLEM

The inner surface of the cone is maintained aheotal temperature,and
outer surface is at ambient temperature T may be noted that, due to
axisymmetry, only a section on the annulus is eudfit for analysis
purpose.

Continuity equation:

oru) L o(rw) _ (1.2.1)
or 0z o

The velocity in r and z directions can be describg@arcy law as
Velocity in horizontal direction

u=_Ko® (1.2.2)
M or

velocity in vertical direction

=i(@+pgj (1.2.3)
M\ 0z

the permeability K of porous medium can be exprtsse
__ by
- 1801-¢)°

The variation of density with respect to temperatoan be described by
Boussinesq approximation as

P=Pol1-Fr(T-Te)] (1.2.5)

Momentum Equation:

(1.2.4)
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w_ou_ KB aT

1.2.6
or 0z v o or ( )
Energy equation:
2
ua—T+Wa—T:a Ei[ra—Tjﬂa—I (2.2.7)
or 0z ror or) oz

The continuity equation (1.2.1) can be satisfiediriiyoducing the stream
functiony as

uz—la—w (1.2.8)
r 0z

w=19% (1.2.9)
r or

The corresponding dimensional boundary conditioas a

at r=r, T=Ty, Y=0 (1.2.10a)

at r=p, T=Ts, Y=0 (1.2.10b)
(except at z = 0)

The new parameters arising due to cylindrical air@tes system are

Non-dimensional Radius r :{ (1.2.11a)
Non-dimensional Height E=% (1.2.11b)
Non-dimensional stream function Z A (1.2.11¢)

Non-dimensional Temperature

Rayleigh number Ra =

The non-dimensional equations for the heat transfeertical cone are
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Momentum equation:
2= (4N _
a—w+r[16—‘£/J:rRaa—T (1.2.12)

Energy equation :

- = =
1jopor _opotT)_ 1100t 0T (1.2.13)
r{or 0z 0z or ror{ or 0z

The corresponding non-dimensional boundary conditame

at r=r, T=1 ,¢=0 (1.2.14)

at r=ro, "T=0 , =0 (1.2.14a)

3 SOLUTION OF THE PROBLEM

Let us consider that the variable to be determineithe triangular area as
“T”. The polynomial function for “T” can be expressast

T=0y+0xr +0sZ (1.2.15)

The variable T has the valug T; & Ty at the nodal position i, j & k of the
element. The r and z co-ordinates at these poiets;,af, rc and z, z, z
respectively. Substitution of these nodal valueshe equation (1.2.15)
helps in determining the constants, a,, oz which are:

Q= 1/2A [(I‘j Zx— Ik g )T+ (kz—1z) T+ (n 41 z) Ti ] (1.2.16)
a="alz -2) T+ (@&—2)Tj+@-3) Tl (1.2.17)
o3 =" [(r - ) Ti+ (=) T+ (5—16) T (1.2.18)

where A is area of the triangle given as

1
2A=dell r; z (1.2.19)
1 n z

Substitution ofaj;, ap, as in the equation (1.2.15) and mathematical
arrangement of the terms results into

T=NT+ Nj Tj + Nk Tk (1.2.20)

In equation (1.2.20N;, Nj, N are the shape functions give by
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+ +
N = m b.r+c,z

" m=ij&k (2.2.212)
Applying of Galerkin method to momentum equatior2(12) yields

19, et

(R} | 2Lt

Yy 9119, 1R v (1.2.22)
° 0z or\r or or
2, AN T _
{RE}z-J' NT a_"fﬂi 199 1raL oriraa (1.2.23)
n 0z or\r or or

where R is the residue. Considering individual terms afatpn (1.2.23)

The differentiation of following term results into

i_([NT]a_‘»ff}[NT]a;erMa_%’ (1.2.24)
or or or or or

2., 2. _ T T
Thus | N2 Y dn=| 9 N9 ¥ 2rrdA- | AN T 1 5 25
A or A or or A or or

The first term on right hand side of equation (142.2an be transformed
into surface integral by the application of Gredrerem and leads to inter-
element requirement at boundaries of an element.bdhadary conditions
are incorporated in the force vector.

Making use of (1.2.20) produces

2T _ T
[ nT 2l ontoa = -] 2NN
A or A ar or

SISI§|

1 (1.2.26)
, +dA

Substitution of (1.2.21) into (1.2.26) gives

b, v,
:ﬁj {bzl [b.b.b,]{g . [2n raa

b, [/
. _
L N (1.2.27)
= T b1b2 bzz b2b3 Y,
4 A ’ —
b.b, b,b, b /9
Slmllarly ,— _ clz c,C, C,C, 1/71 (1228)
NT9¥ ont oaa =-20R c,c, ¢  c,c, v,
2 4A T
A a z clc2 c2c3 c32 l// 3
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The third term of equation (1.2.23) is

j NTrR a—IZFIFdA:RaI NT T onrda
or ° or

(1.2.29)

A
In order to get the matrix equation of (1.2.29§ fbllowing method can be
applied.

Defining the new area ratios as

M. = area pij M. = area pk _area pki
“area ijk ' areaijk I area ijk
It can be shown that
|V|i = Nl Mj = Nz Mk: N3 (1.2.30)
Replacing shape functions in equation (1.2.29)1b¥.80) yields
- M, T 1.2.31
[ NTTRa 2l2ntaa =tra| [ M, 2T, o Taa ( )
A or ", or T,
The area integration can be evaluate as
| |
[ MiMsMm] = defl  oa (1.2.32)
° (d+e+f +2)!
Application of equation (1.2.32) into (1.2.31) gévese to:
o= T 1.2.33
:RaA{llan [b, + b, + b,] {Tz ( )
3 2A —
Ts
b,T1+b,T2+b,Ts (1.2.34)

—_2
- 2MR Ra F; Ra b,T:+b,T2+b,Ts
b1-|T1 + bz?z + b3-?3

Now the momentum equation (1.2.12) can be writteth@ matrix form as

b b1b2 le:I+|:C1 CG Cl%j”|w1}+2nRzRa|blT1+szz+QT3}_0 (1235)

bb, bzz bb, | +| cc, czz CG ‘»i’z blfl+bzf2+b3f3

bb, bb, B | |ce cg & || bT:+b,T2+bTs

2R
Ty

In simple form the above equation can be repredeage
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[KJ { ¢}={f} (1.2.36)

where ks is stiffness matrix anflis the force vector. For equation (1.2.12)
they are:

) 2
nR || bk bib G G GG (1.2.37a)
[K.]= b,b, b; b,b, | +|c,C, Co C2Cs

4A
bb, b,b, b

C1C3 C2c3 C32

} (1.2.37h)

-~
ol
-
1
—_—

_ 2N R°Ra

5 b,T1+b,T2+b,Ts

b,T1+b,T2+b,Ts (2.2.37¢)
b,T1+b,T2+b,Ts
The radial distanceR to the centroid of an element is given by refatio

Fi+ra+rs
3

R=

Similarly application of Galerkin method to Energyuation (1.2.13) gives

(=)= (N { (2T %) [1 0 el ﬂ A (1238)

A or dz 0z or ror | or| o7

Considering the terms individually of the above a&opn

_ . 1.2.39

[ INT %%zn A = | {M Z]w{w}agt']{ﬂm rdA ( )
T1

2N A 1.2.40

:T 4A2[Cl¢/1+02¢/2+(:31//][bb b]{ } ( )
Ts

Wit C, + ey, T,
_2n { 11/’1+021//2+c3¢/3} [b,.b,.b,] {D] (1.2.41)

12A —
Cly, tCp, tcif, Ts
Following the same above steps

1

9 onaa= |m, [ AN Fonga
M 0z

Taz//aT
j[N] =

A or

3
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— b, + b,y , + by T

Loy oT _on 1‘//71 zl/Lz 3l/i3 1

I N TTZI—IdA T12A b, + by, +by, [Cl,Cz,C3] T2
r oz — — — —

" b,y + by, + b4, Ta

The remaining two terms of Energy equation can \mduated in similar
fashion of equation (1.2.23)

10 (-0T I e T
J‘ NT =a—_(ra—_J2ﬂ FdA = _W blb2 b22 b2b3 -lTZ
N bb, b, b | |Ts
—— —| ¢ c¢c, cicy il
J' NTal 2I‘IrdA:—2£|7AR cC, C2 ¢, [Tz
A 9z c,C; C,c, ¢C?2 Ts
Thus the stiffness matrix of Energy equation iegiby
on 01421 + Cz‘Zz + ngs on blgl + bz‘Zz + bs‘»z3 Tl
ﬁ 01431"'02452 +03%3 [bvbz-bs]_i bl%l+b2[lg2 +b3‘£3 [Cl’c21C3] IZ
Cl +Cl, +C, by, +bi, + by, Ts

4 DISCUSSION OF THE PROBLEM

Results are obtained in terms of Nusselt numbey &tlot wall for various
parameters such as Cone anglg){®adius ratio (B and Rayleigh number
(Ra), when heat is supplied to vertical conicalidan

a)
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b)
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Fig:1.4.1: Streamlines(left) and Isotherms(Ridght)Ra=50, R=1
a) G =15b) Gy =45

Figure (1.4.1) shows the evaluation of streamliaes isothermal lines
inside the porous medium for various values of Camgle (G) at Ra = 50,
R = 1. The magnitude of the streamlines decreas#s the increase in
Cone angles (£). The thermal bounded layer thickness decreaststie
increase of Cone angles C It can be seen from streamlines and
isothermal lines that the fluid movements shifrirlower portion of the
hot wall to upper portion of the cold wall of thertical annual cone with
the increase of Cone angles\JCThe circulation of the fluid covers almost
whole domain at both lower and higher values of &angles (&) at 15.
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Where the relation inversely proportion exists lesw streamlines and
Cone angles (£). This trend is also observed with isothermaldine

b)
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Fig:1.4.2: Streamlines(left) and Isotherms(Rigbt)Ra=100, =15
a) R=1 b) R=5

Figure (1.4.5) shows the streamlines and isothelimas$ inside the porous
medium for various values of Radius ratig)(Bt Ra = 100, and L= 15.
The magnitude of the stream lines decreases wéhirtbreasing Radius
ratio (R). The thermal boundary layer thickness decreaddstiae increase
in Radius ratio (B. It can be seen from the stream lines and isothkr
lines that the fluid movement shifts from the lowertion of the hot wall to
the upper portion of the cold wall of the verticahnular cone with
increasing Radius ratio (R

5. Open Problem

In this paper we have studied Natural convectiat lhansfer in a vertical
conical annular porous medium by finite elementhudt Instead of finite
element method, one can adopt some other techniquegestigate the
behavior the natural convection heat transferweréical conical annular
porous medium.
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