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Abstract

In this paper, we consider a fractional system of nonlinear
integro-differential equations involving (n2 + n) -Caputo deriva-
tives. We discuss the existence and uniqueness of solution and
the existence of at least one solution, using some fized point
theorems. Moreover, we present some types of Ulam stabil-
ity results for such system. In addition, some examples are
provided to illustrate the applications of our main results.
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1 Introduction and Preliminaries

The fractional calculus represents a powerful tool for studying many problems
in applied mathematics and engineering sciences. For more details, we refer
the reader to [10, 12, 16, 17, 18] and the reference therein. Moreover, the
study of fractional differential equations is also important in various problems
of applied sciences, and has attracted the attention of many authors, see [1, 2,
3,4, 11,13, 14, 15, 25, 26]. On the other hand, the study of Ulam type stability
problems has grown to be one of the most important subjects in mathematical
analysis. In [5, 6, 7, 8, 9, 19, 20, 21, 22, 23], Z. Dahmani and A. Taieb have
obtained new results on the existence and uniqueness of solutions in addition
to some types of Ulam stability for fractional differential equations.
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Now, let us present some results that motivated this paper: In [27], J.
Wang, L. Lv and Y. Zhou studied different types of Ulam stability for the
following fractional differential equation:

D (t) = f (L (t), t € [ab),

where °D® is the Caputo fractional derivative of order o € (0,1) and the
function f satisfies some specific conditions.

In [15], R.W. Ibrahim investigated the existence and uniqueness of solutions
in addition to different types of Ulam-Hyers stability for the following problem:

{ D2u(z) = f (z,u(z)),
au (0) +bu (1) =cu(é), z,£ €U, a+b#c,

where v : U — B is an analytic function for all z in the unit disk U :=
{z:|z] <1} and f : U x B — B is an analytic function in z € U. B is the
space of all analytic and bounded functions in the unit disk.

In [24], A. Taieb discussed the existence, uniqueness and the Ulam-Hyers
stability for the following system:

1

touy (), (8), D%y (8) ..., D g (1),
D%y (t) = fi | D%uy (t),..., D% ‘uy(t), ..., :
Dy, (1), ..., Dy, (1)
\ tour () oot (8), D%y (2) ., D g (8

Doy, (t) = fo | Duy (1), ..., D% "uy (1), ..., :

Dy, (), .., Dy, (£)
0<t<l, n—-l<ar<n, k=1,2..,n i—-1<al<i i=12..,n-1,
u,(gj) (0) =wh, D"u(1)+ J™up (1) =0, n—2<py<n-—1, n >0,

neN-{0,1},

\

where fi : (0, 1] x R — R are continuous functions, singular at ¢ = 0, and
lim+f/yc (t) = 0o. D and D%, i=1,2,...n—1,k=1,2,....,n, are in the sense
t—0

of Caputo.

In this paper, we present new results on the existence, uniqueness and
some types of Ulam stability for the following fractional system of nonlinear
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integro-differential equations:

( 1

toug (), tn (£), D%y (), ..., D uy (1),
D%uy (1), ..., D% "uy (1), ...,
Dy (t) = f1 | D%, (t),..., D%, (t),

Ufthl (1,u1 (1)) drT, ..., Oft h (T, (7)) dT)

tour (), oot (8), Dy (£), .., DY g (2),
D%uy (1), ..., D% "uy (1), ...,
Dy, () = fu | D%, (), ..., D% ', (t),

t t
[ ha (rus (7)) dr, ..y [ B (7,0, (7)) dT)
teJ, ' '
n—1<a,<n, k=12 ..,n 1i-1<q,<i 1=12,..,n-1,
w0y =dk, j=0,1,..,n -2,
"V (1) = Doy (1), n—2<pmy<n—1, k=12 .n,
(. ne N—-{0,1},

(1)
where J := [0,1], fi : [0,1] x R™*+" — R are continuous functions, D and
D%, i=1,2,...,n—1,k=1,2,...,n, denote the Caputo fractional derivatives.

To the best of our knowledge, there are no papers that have considered this
kind of fractional coupled system.

Let us recall some basic definitions and facts from the fractional calculus
which can be found in [16].

Definition 1.1 The Riemann-Liouwville fractional integral operator of order
a > 0, for a continuous function f on [0,00) is defined as:

crn ) w o =9 f(s)ds, >0,
i~ Tk

where t >0, and T (¢) := [/ e~*a#~da.

Definition 1.2 The Caputo derivative of order a for a function u : [0, 00) —
R, which s at least n—times differentiable can be defined as:

1

¢
Du(t) = m/o (t— )" u™ (s)ds = Ju™(t), a >0,

for n—1<a<n,neN-{0}.
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Lemma 1.3 Letn € N— {0}, n—1 < a < n, and D*u(t) = 0. Then,
n—1 n—1
u(t) = > ¢jt!, and J*Du(t) = u(t) + 3 ¢;t’, (¢j);—gq.. oy € R
=0 =0 T
Lemma 1.4 (Schaefer Fized Point Theorem) Let E be a Banach space and

assume that A : E — E is completely continuous operator. If the set V :=
{r € E:2z=pAz, 0 <p <1} is bounded, then A has a fized point in E.

Let us now impart the integral solution of system (1) by the following auxiliary
result:

Lemma 1.5 Let n € N—{0,1}, n—1 < o < n, k = 1,2,....,n, and
Ay € C (J,R). Then, the unique solution of the following problem

( D"‘lul(t) = Al(t), t € J,
Do, (t) = Ap(t), t € J,

U](cj) (O) = (1?7 j = 07 17 SN 27

u,gn_l) (1) = Dtryy (1), n—2 < pp <n—1,

is given by (uy, ug, ..., uy,) (t);

t ap—1 n—2 L
(t—s)™* a; .
U (t = ~— 7 A (s d8+ E ft]

Dln—p) (1 (1= s
i (F (n - ,uk) - 1) r (n) /0 T (Oék _ ,Uk) Ay (5) ds, (2)

where k =1,2,...,n.
Proof. Thanks to Lemma 1.3, we get

t g1l n—1 )
wlt) = [554 (5) ds = T gt
J:

such that . . )
Cnfl

€ M, (R).
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For all k=1,...,n, we observe that

(J) (O) _.] j _0717”'7 27

- e,

1 (1—s5)% 'U‘k I'(n
Dieuy (1) = fy SR A () ds — ik .

By the conditions: u,(j) (0)=al, 7=0,1,...,n—2, and ukn 2 (1) = DFeuy (1),
we obtain

Y =01, —2,
= (4)

I'(n—pug) 1 (1-s)*k~Hk1 -
ATy Jo Ty Ak (s)ds, j=n—1.

Substituting (4) in (3), we have (2). This ends the proof.

We introduce the Banach space

B (uy, U, ... ) - u € C([0,1],R), D%uy € C([0,1],R), | .
Tl k=1,2,....n,i=1,2,..n—1 ’

endowed with the norm:

iz u)lp = max  (lull [P ).,
<k<n o
1<i:1<n—-1
where, n € N—{0,1}, |luk|l,, = = max |uk(t) HDaku ‘ = max ‘Daiuk(t)’ .
o0 S

2 Existence of Solutions

Now, we are ready to establish sufficient conditions for the existence and the
uniqueness of solutions for (1). Then, we present some examples to illustrate

the applications of our Theorems.
Denote, forall k =1,...,n,i=1,2,...n—1, ne N—-{0,1},

1 N ['(n— ug)
Pt D) 0w~ T (o= 1)

A, = ZAMZANM%,

1 N ['(n — ug)
ool +1)  Tr—ap T (n— ) — T (ax = + 1)

M, =
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For the sake of convenience, we list the following hypotheses:

(Hy) : There exist nonnegative constants ()\f)jfl """ "

=1,....,n%24n’

e

that:
Vt € [0, 1] ) \V/(.’Lj, ---7$n2+n) ) (yh ) yn2+n) € Rn2+n :

n4n
i (621, o Tozin) = fo (B, Un2in) | <> AN |2 — 51
j=1
and
|hy (¢, 25) = by (6 y5)| < wjlz; =yl G=1,...n.
(H2) .
O .= max (Mk,M,i) A, < 1.
1<k<n
1<:<n-1

(Hs) : The functions

are continuous.
Define the nonlinear operator 7' : B — B by

T (g, Uz, ooy y) (t) := (Th (ug, ugy ooy tiy) (€)oo, Ty (wy, g, ..oy uy) (1))

where t € J,

Tk (ul, U,y ..., Un) (t)

X .1 (8) 5oy tin (8), Dy (), .0, Dy (s),
t t— s o — a; 04271
:/ ( r(;) fo | o DO (), D i (), s
0 K [ b Ty (7)) dry ooy [ B (Tyuy (7)) dT)
0 0
n—2 L _
a; [ (n— ) tn?
+> =+
253 T ) - DT
S,up (8) ey Uy (8),
Dy (s) ..., DT uy (s)
y /1 (1 _ S)ak—,uk—lfk S,D Uy, S) , ,D " Up (8), s (5)
o D(ag— ) [ i (Touq (7)) dr, .,
0
J P (7,0 (7)) d)
0
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Obviously, we have

Do‘iTk (g, ugy ey Uy ) (1)

i 1 S, U (S)a , Un (S)aDa%ul (S)7 7Da? 1ul (3)7
t ap—ab — 1 n—1
_ / (tr_ s)™ : i .;,Do‘nun (s),...,DO‘"S U (8), ds
o Tl T P (o (1) 7, s [ B (7 (7)) )
0 0
n—2 n—1—a
_|_Z ? j—af, + F(n'_ :uk)t ek
2 TG+1-ap Tl —ap) (T (n—a) — 1)
S, Uy (S> ) ; Up (S) )
(1 = gyl D%y (s), ..., Dy 1(s),
al an” d
X/o T (o — 17 Tk .;,D Up (8), ..., D tn (s), s, (6)
[ b (roug (7)) dry ooy [ By (T (7)) dT)
0 0
where 1 =1,2,...,n — 2,
n—1
Dak' Tk (Ul, Uy ..., Un) (t)
N S,y (8) ooty (8), DMy (s) .o, Dy (s)
t [0} « n—1
:/ (7;_ )™ Zﬁ £ S,D n Uy, (s),...,Do‘"Sun (s), ds
0 (ak Y% ) f (1,u1 (1)) dr, ..., f h (T, (7)) dT)
0 0
L T =) 1
F'(n—af ") (T(n—pm)—1)
S,up (8) ey Uy (8),
o gmomet | D ) D ),
X .., Do Dan Uy, ds. 7
/o ' (ok — ) Ii s n (), s tn (s) (7)

{hl (T,U1 (7’ T,...,{hn (7-’ Un, (T))dT)

Theorem 2.1 Assume that hypotheses (Hy) and (Hs) are satisfied. Then,
system (1) has a unique solution on [0, 1].

Proof. We shall show that T is contractive operator on B.
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Let (uy, ...,;uy) , (v, ...

1Tk (u, .

IN

/t (t—s)™
max ~
tef0,1] Jo T (ag)

) — T (01, ...

Jr

—f

1 (1 . S)ak*ukfl
<),
o L' — )

Jr

—J

,Un) € B and t € [0,1]. Then,

’Un>||oo

S, up (8) ey Up (5)

Dty (s), ..., Dy (s),
oy Dy (5) ., DOy, (s),

$,01 (8) , eey Up (8)
Doy (s), ..., D vy (s),
oy DO, (5) ., DOy, (s)

s

[ by (7,01 (7)) dr, .. bf oy (7, 0 (7)) d7)

D%y (s), ..., DT

$,01 (8) ey U (8) 1
Dy (s), ..., DT
Doy, (s)

ds

ds.
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It follows the hypothesis (Hy) that,

Ty (i, ..y ) — Th (U1, oy U) || o
o I (n — ug) >
< max
- <te[0,1}F(ozk+1) T (n—px) — 1T (n)T (g — px + 1)

ANy — vl + .+ N ety — Unl o
+)\n+1 HDQ% (ur — vl)H T

1
ot [ ]+
+AF, ‘ Do (un — )

+AF i [lug — vlﬂoosrél%)l( [dr+ ...

n2+4
s

+)\n2+nwn |ty — vn | o m[guli [dr

Therefore,
| Th (wry ooy t) — T (V1 oy U0) || o
( 1 N T (n— ug) )
Maw+1) 0 (= p) = LT (n) T (o — pa + 1)
(e 3o
lur = vill g s ooy [l — ol
cmax | [P = oo o [0 =) e
DQ}L (un - Un) ro 3ty )Daﬁ_l (un - Un)T
Thus,

Ty (ur, .o ty) — T (1, oy 0) || o, <

AN
=
>
Bl
5
|
4
=
<
|
4
3
o)
©
=
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By the same arguments, we get

DTy (uy, ..., up) — DTy, (01, ..., vp)

[e.9]

takfa}.c
max ————————
tefo.) T (ex—ag+1)

IN

+ _ L(n—pi)
T(n—af,) [T (n—pk)—1|T (o —p+1)

AP fur = vill o + o+ A [t = vall
+AE HDai (up — vl)H + ..

+/\]2€n—1 DO&H1 (Ul — Ul)

..
al
+>\Z+(n_1)2+1 D (u, — vy,)

+AF, ’ Don’ (U, — vp)

+ ..

o

oo

S
+NE, L wr [Jug — v1||oosme[%’>1<}0fd7 + ..

S
+XE, wn (U — vnl| o gnd%}ﬁng

Then,
HDQ;CT]G (Ul, ey un) - Da;‘Tk (Ulv "'7U7’l)

00
1

—_— n2 n
I'oap—al+1 k k
< [, (S5 3o
j=1 j=1

T (n—af, ) [T (n—pk) = 1T (g —p+1)

[ur = vill o s ooy [t — ol
s 1= [
HDavlz (U —v)|| 5 .or) HDO‘Z_1 (U — vy)
Thus, for all k =1,....,n, and all i =1,...,n — 1,
HDa}éTk (Ugy ey Up) — DOk T, (U1, ey V)
< MiAg||ug — vy eyt — Oy | 5 -
By combining (8) with (9), we obtain:
T (uy,...;un) — T (vy, = )|l g
< max (Mk,M,i) Ag||ug — v1, ey Uy — V| 5 -

1<k<n
1<:<n—-1

49
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By the hypothesis (Hs), we deduce that T' is contractive. Using Banach fized
point theorem, we state that T has a fixed point which is the unique solution
of (1). This completes the proof.

Example 2.2 Consider the following fractional system:

9
( DZul

—~

t) =
uy () + us () + us () + Diug (t) + Diuy (t) ‘
+Dsug (t) + Deuz (t) + D§U3 () + D%u?, (t)

wy (8) + ug () + uz (t) + Diug () + Drug (t) D

—~

5 2 4

+D5uy () + Déuy (t) + Dius (t) + D3us (t)

t
_'_% (g‘ COS;L;(T)dT"i_fSl;:_T_ dT+fCOSU3(T dT),

D€U2 (t) =
sm( U1l (t) =+ Ug (t) + Uus (t) + D Uy (t) + Dgul (t) )
+D8us (t) + Dsuy (t) + D3us (t) + D3us (t)
3247
t

+t742—1 (E{‘ cosul(T dT+f51;1:iT’r)d7_+fcosu3(T dT) ’ (10)
Diug (t) =

cos(ul( )+ Diuy (1) + Diuy (t ))

+cos (ug (t) + D8uy () + Déus (t)

+cos (ug () + D3ug (t) + D3ug (1)

1627

t
+36(;r+t) (E{“ cosul(‘r)d + f Sln’u2 dT+ f cosug(T)dT> ’

DSU?( )7

0)=1, u] (1) D4u1 (1),
2 (1) =
) = /3, uy (1) = D3ug (1).
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We have

o s, ull (s),us (s)z,u;; (s), D>y, (s), D:%ul (s),
—5)™ Da2u2( ), D%uy (s ) D%y (s), Do‘Bug (s), ds

:/t@;fk
0 I (o) fthul drfhg T, g ( )dT,th (T, u3 (7)) dr)

! ag‘?j [ (3— pg)t?
L T B - 0T
1 (1 )04 —e—1 ;U1 (82 ,)’LLQ <S) (<)) D~ 1U1( (f) Dalul((;;)
) Daé’lig s D‘*?uz D% (s DC“SU3
X fk s ! dS,
/0 I (e — px) fhl(r,ul dehg TUQ(T))dehg (1,u3 (1)) dr)

hy(myuy (1)) = %;(T), ho (7, uy (T))ng;u—j_(:),
hy (7, u3 (7)) = %ﬁ;m

For allt € [0,1] and (1, ...,212) , (Y1, .-, Y12) € R'Z we get

|f1(t, x1, 9, ..., x12) — f1 (B, Y1, Y2, oy Y12)|
|1 — 1| + |22 — y2| + 3 — y3| + [74 — v

1
6137 +los — ys| + |z — el + o7 — 7l
+ |zs — ys| + |zo — wo

+ L (1 | | + ! | | + ! | |
JE— — :E _— — _— — —
36 \ 2 10 — Y10 o T11 — Y11 o T12 — Yi12] ) »

|f2 (t,$1,$2,...,$12) _f2 (t7y17y27"'7y12)‘
1 el lre = el s = ys| o+ e — g
< 3947 + x5 — ys| + |26 — yo| + |7 — v

+ [xg — ys| + |19 — Yol

+ L (1 | | + ! | | + ! | |
— | — |x10 — — |T1] — — |T19 —
36 \ or 10 — Y10 o 11 — Y11 o 12 — Yi12| |
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and

|f3 (tvxlax%"')xl?) _f3 (taylay27"'7y12)|
|1 =yl + 22 — Y| + |23 — ys3| + [24 — y4
+ |as — ys| + |z6 — yo| + |27 — vr|

< -
- 162
m + g — ys| + |z — o

= (2 | |+ : | |+ : | |
— | — |x10 — — |r1] — — |T19 — .
36 \ 27 10 — Y10 o 11 — Y1 o 12 — Y12

So, we can take:

1 1
()\J1> 7=1,2,....9 - 64871'7 ()\jz) i=12..0 — _3247(7

1 k=1,2,3 1
()\?) =129 ﬁ’ ( ?) j=10,11,12 %»

1
W) = Wy = W3y = %, Al = 00177, AQ = 00221, Ag = 0.0309.

M, = 6.0699, M| =7.5601, M? = 13.6562,
M, = 5.3603, My =9.9571, M3 = 11.4904,
M = 4.9815, M; = 8.4276, M3 = 11.2387.

Indeed,

AM; = 0.1074, A M| =0.1338, A, M7 = 0.2417,
AyM, = 0.1185, AgMy = 0.2201, Ay M3 = 0.2539,
AzMs = 0.1539, AzM; = 0.2604, AzM; = 0.3473.

Using Theorem 2.1, we deduce that the problem (10) has a unique solution on
J.

Theorem 2.3 Let the hypothesis (Hs) holds. Then, system (1) has at least
one solution on J.
Proof. Let given the proof through two steps:

Step 1: We show that the operator T is completely continuous.
Let A > 0, we consider the set Qy := {(u1, ..., un) € B [[(u1, ..., un)|| g < A},
and we show that T () is bounded.

For all (uy,...,u,) € Qu, and all t € [0,1], using hypothesis (H3), we have
hy, are continuous on [0,1] X [=\, A]. Then, there exist ¢ > 0 :

|hk (t,uk (t))‘ S Ck,k = 1,2, o, n.
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Also we get fi, are continuous on [0, 1] X [=A, )\]"2 X [—e1,e1] X oo X [=Cpy ]
so, there exist Ly > 0 :

1

toug (8) oty (£), D%y (), ..., DY uy (1),
D%uy (1), ..., D% "uy (1), ...,
fe | Doy, (), .., D%y, (1) < Lp. (11

Ofthl (1,uq (7)) dT, ...\ Oft b (7,1, (7)) dT

Thanks to (11), we obtain

||Tk Ul,...
< ( I'(n — ) )
- I (o +1 |F(H—Mk:)—1|r() (o — i + 1)
tyuy (), ..., up, (t), D“lul( ), ., DIy (1),
Dby (). D%y (1)
Xrgleajc D nau,, (t), , Do (t),
fhl 7,up (T) dT,...,thn (T, un (7)) dT
o] 1 I'(n — )
= ;7+L’“(r<ak+1>+\Nn—m)—1rr<n>r<ak—nk+1>)‘
Therefore,

IN
3
Il |
o N
b.‘
Pt (=Y

Q

1T Gy o) o + LM (12)

<.
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On the other hand, we get

HDO‘;@T;{; (U, ..., Up)

o0

< < 1 I'(n — p) )
< . + .

Mag—aj,+1)  T'(n—ap)|I'(n— ) = LT (o — pe +1)
tour (), oy tn (£), DMy (£) ., D g (1),
D%uy (t),...,D% ‘uy (L), ...,
xmax | fr | D, (1), ..., D% "uy, (t),

fthl (t,uq (7)) dT, ...\ bf b (T, 1y, (7)) dT

n—2

\al
+;F(]+l—a§€)
< Ly L + : [ (n—pm) )
= M Tl —ap+ 1) " Tr—ap T —p) — T (s —pir + 1
n—2 ‘ak
J
+;F(]+1—afc)
Then,
DaiTk(ul,...,un)
& ol
< — I LM, i=1.2..n—2 13
>~ ]ZF(]+1_ak)+ ki, ) 4y , 1 ( )

Similarly, we obtain

HDO‘k T (g, ooy Uy,

< LMt (14)

From (12), (13) and (14), we conclude that

T (ur, ..., un)l g
n 2‘ k| n—2 ‘ k|
< L. M, —JL 4 LM L M~ !
< maX(jZO il + Ly M, F 11—« )+ kM, L >
< oo (15)

Hence, T maps bounded sets into bounded sets in B. The continuity of the
functions fr given in (Hsz) implies that the operator T is continuous on B.
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Let 0 <t; <ty <1, and (uy,...,u,) € Q. Therefore,

T (w1, .oy ttn) (t2) — T (Ug, ooy uy) (£1)]

ratmy (2 (f — 1)™ + (83" —17%))

<
=~ + Z ’athJ tj) Lkl"(n Hk)(n 1 t? 1) ) (16)
T (n—ppe) =1 ()T (g —pr+1)
‘D%Tk (1, ooy ) (b2) — DT (ar, ooy ) (1)
Lk ey ag—aj, ag—al,
o <2 (ty — 1) 4+ <t g ))
< . i ) 17
- n_2 |a§|(tjziak*tjliak) Ly(n— Nk)(n 1ok —t ak) 7)
+]Z:i D (j+1-af) + T(n—a4 )0 (n—puk)—1|T (g —px+1)
where 1 =1,2,....,n — 2, and
n—1 n—1
DU Ty (o i) (f2) — DO T (oo 1) (tl)‘
—1 n—1
L . ap—ay ap— O‘k ap—oy
ety (2 =)™ (57 )
< » (18)

n—1—al n—1—al'™

1
LkF(n—uk)<t2 k- k )
F(”—az_l)|F("—uk)—1\r(ak—uk+1)
The right-hand sides of the inequalities (16), (17) and (18) are independent
of (u1,...,u,) and tend to zero as ty —t; — 0. Consequently, T is an equi-

continuous operator.
Thus, T : B — B, is completely continuous.

+

Step 2: We shall show that
F:={(uy,...;u,) € B: (uy,...;un) =0T (ug,...;u,), 0<n<1},

15 bounded.
For (uy,...,u,) € F and t € J, we have

(Ugy ooy up) (£) = 0T (uy, ...y uy) (£) .
The inequality (15), yields

||(u17 7un>HB

n—2 | k n—2 k
S 1max (Z ‘j | +LkMk’ZF]—|‘——1|—a)+LkM]§’Lan 1)

< . (19)
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Hence, F' is bounded.
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Using Lemma 1.4, we state that system (1) has at least one solution on J.

Theorem 2.3 is thus proved.

Example 2.4 Consider the fractional system

g
w
~
_|_
+ 9|t
N[V
B
£ =
—~
N

\]

_I_
o .
Q
@
<
N
9
IS
\]

+
o £
£
<
w
3
U
\]
N———

)
to
v ([ 22t
0

e—cos(us (1) D % us(t)D T uz(£) DT us () +ua(t )D%M(t)D%M(t)D%M(t))

t
t sin g ( cos ua (T sin ug (T
+7T+€ (E)f IEEEE dT + f e+t dT + f (T+e7) dT) ’

D7us(t) =

sin(us(t)p%ug(t)D%uS(t)D%uB(t)+u4(t)D%M(t)D%lm(t)D%?’m(t))

zet—cos(ul(t)D%ul( D3 uy(t )D%ul( )+u2(t)DT2§ug(t)D%UQ(t)D%uz(t))

t
+(t2 + 1) (f 51nu1(7)d7_+ f cosu2 dT+f sm1L3('r)d7_) ’
0

(7+e7)

D5 uy (t) =
cos (w1 (t)D%ul(t)D%ul(t)D%ul(t)_U4(t)D%M(t)D%M(t)D%M(t))

3(t+1)-+cos (uz (t)szfug (t)D4 () D ua(t )—ug(t)D%u?,(t)D%%(t)D%ug(t))

t
v ([ ar 1 [t g o),
0

)= —1, uy (0) =1,

(20)
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We have:

ug(t)
1 S, Uy (S) y ooy Ug (S) 7Da%u1 (S) 7Da%u1 (8) ) Da%ul (3) )
_ /t (t—s)™ f oy Dy (), Dy (s), D%y (s) s
r
0

s

Ofshl (1,u1 (1)) drT,s ..., bf hy (1,u4 (7)) dT)

2 CL_] F(4—,uk)t3
T T - DT

1 s (s) e (), D% (s), D% (), Do (s),
X/ (1— ) fo | o D (s), D¥ua(s), D¥ua (s). ds
o T(on—m) [ hai(myu (7)) dr, ..., [ ha(T,uq (7)) dT)
0 0

where, n = 4, k = 1,234, a1 = 2, oo = &, a3 = 2, ay = 2, af = 1,
a%zgvo‘?:%o‘%:%a%:%70432%7O‘§:z§pa§:§7a§:%vo‘}1:%7
O‘i %70‘22%711“:%7#2:%a,u?:_%?l/%t:%va(l): 3,&%:—1,
ay = — 2,a%—\/§,a%:—1,a§:1,a8:3\/§,a§’:%,a§:—\/§,

al =2v3, at =vV2+1, a} = 2V/5,
Since the assumption of Theorem 2.3 is satisfied, system (20) has at least
one solution on J.

3 Generalized Ulam-Hyers Stability

In this section, we will define and study the Ulam-Hyers stability and the
generalized Ulam-Hyers stability of system (1).

Definition 3.1 System (1) is Ulam-Hyers stable, if there exists a constant
dr, > 0, such that for all (1, ..., €,) > 0, and for all solution (v, ...,v,) € B of

( £ (8) oy vn (£), D%y (8) ..., D Ty (1)

n—1 n—1
D%y (1) — fi D%y (t) ..., D% vy (t) ..., D%, (), ..., D% v, (1), <

t t —
[ b (ry01 (7)) dr, ey [ B (70, (7)) dT)

0 0

tel0,1], n—1<ar<n, k=1,2,...,n,

i—l<al<i,i=1,2,...,n—1,
v (0) = ak, oV (1) = DM (1), n—2 < <n— 1,

\

(21)
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there exists (uy, ...,u,) € B of (1), such that
(1 — wr, ..oy U — )|l g < €, €>0. (22)

Definition 3.2 The fractional coupled system (1) is generalized Ulam-Hyers
stable if there exists Yy, € C(RT,RT), Ty (0) = 0, such that for all € > 0,
and for each solution (vq,...,v,) € B of (21), there exists (uy,...,u,) € B of
(1), with

|(v1 —u, .y — )|l g < Ty, (6), €>0. (23)

Remark 3.3 (vy,...,v,) € B is a solution of of Ineq. (21), if and only if
there exist hy, € C'([0,1],R), k =1,...,n, such that:

|h,1€ (t)l <€, tE [O, 1],
and

Lo (8) o (1), Dy (1), . Da?”vl(t),

D%, (1), ..., D% v, (t) . D "o (), DY 0, (1)

D™ (t) = fi | 7
thl(T,U1< 7)) dT,, ..., fh (1,5 (7)) dT)

Fhi ().

Theorem 3.4 Let n — 1 < ap < n, n € N—{0,1}, and the hypotheses
(H;);_, 5 hold. Then, system (1) is generalized Ulam-Hyers stable in B.

Proof. Let (v, ...,v,) € B be solution of Ineq. (21). Then, (vy, ...,v,) € B
s a solution of the following integral inequality:

$,01 (8) , ery Up (8)
) D1y (s), ..., D vy (s),
t (t—s)%k— n—
v (1) — fo ¢ F(Lk) fe| ..., Do, (8),..., D o, (s), ds

bfhl (1,01 (1)) dT, ..., of b (1,0, (7)) dT)

4 1 L (n—pp)t" !
- j;o 7~ T -T
8,01 (8) sy Vn (8)
Do‘lvl ( ) . D"‘1 v (s),
1 (1—s)k—Hr—1 .
. fO F(Ozkflu,k) fk n (S) o ‘D " s <S> ? dS
f 1 (myo (7)) dry oo, [ By (1,0, (7)) dT)
0 0
< J%e
e k 2 24
— €, k=1,2,..,n.
T (e +1) " (24)
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Using (Hy) and (Hs), there exists a solution (uy,...,u,) € B of Eq. (1).

Then, we can write

[0 (£) =, (2)]

J b (ryv1 (7)) dr, ey [ (T, 05, (7)) dT)

0 0

S, 01 (8) ey Up ()

D%y (s), ..., D vy (s),

fe | D™, (s), ..., D% v, (s)

= ) [ b (my01 (7)) dr, ooy [ B (1,05, (7)) dT)
+ft (t—s)%k~ 0 0

0 Do)

S, up (8) .oy Uy (8),
Dl (5). o D0y ().
~fe | .., D%u, (s ),.. Doy, (s),

S

f 1(7myuq (7)) dr, .. 7f (1, up, (7)) dT)
0

0

C(n—pp)t" "
T o)D)

1 (1) ! 0
X fO T (g —pur) S,up (8),.n, Uy (8) ,

n—2 ok
vy (t) — 4 tJ
j=0 "’
$,01(8), ., Un (8),
D1y, (s ) .., DA 11}1 (s),
t (t—s)%k1 n—
_fo (tl—‘()ak) fk "'aDa}lvn (8)7‘“7Dan 11}71 (8)7 ds
[ b (myv1 (7)) dry ooy [ B (7,0, (7)) dT)
0 0
_ _DPln—pp)t !
(C(n—pr)—1)T(n)
$,01 (8) , eey Up (8)
., D%y (s), ..., D™ (s)
1 D R ne
x [, uo(k—%fk Do, (), ., DOy, (), ds

ds

ds

(25)
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By Ineq. (24), we get
mmauc fvi () = ui (1))
__ %
$,01 (8) ey Up (8)
D1y (s), ..., DY vy (s),
., DY, (s), . Doy, (s),
Bl o (7)) dr o
0
t (t _ S)ak_l Jh (T7 Un (T)) dT)
+ | = ds
/0 I (o) 8,1 (), Un (8) 5
Daiul( ),.. D us (5).
.., Dy, (s) . ,DO‘" up (),
e [ ha(ryu (7)) dr, ...,
0
[ o (7, up (7)) dT)
0
[(n— p)t"t
T (n — p) — [T (n)
$,01 (8) , eey Up (8)
Doy (s), ..., D vy (s),
oy DO (5) ., DO, (s)
Bl o o () dr ...
0
- S)ak—uk—l J o (7,0, (7)) d7)
X/ 9 ds.
o DI'(ag— ug) S,up (8) ey Up (S)ll
Dy (s), ..., D uy (s),
o, Dy, (s) . Doy, (s),
I [y (ryuq (7)) dr, ...,
0
[ o (7, up, (7)) dT)
0
(26)
Which implies that
€k
g — ugll < m + MpAy |[(v1 = U, oy U — )| 5

(27)



Generalized Ulam-Hyers Stability of Fractional System ...

On the other hand, Ineq. (24), yields

and

IA

IA

IN

IN

S, 01 (8) ey U (8) 3
Da%vl( ),.. D
., D, (s),.
_ t(t S)ak ak 1 s
D kvk F(ak O‘k) fk f h/l (7-7 V1 (7’)) dT,
0
J o (7,05 (7)) dT)
0
n—2 k ; —1-at
_ a; j—al D(n—pg)t" k
jZ:i F(jJrl ak) g F(nfa};)(lﬂ(nﬁuk)fl)
S, U1 (S) 5 Un (S> )
Da%vl( ),.. Dai” 1(5),
Xfl (1 sak Hi— 1f ,.g.’Dan,U <) n vﬂ(‘s);
0 T(ap—px) JF fhl (7‘71}1 (T))dT,...,
0
J o (7,05 (7)) d)
0
Jak_a}.ﬂek
L k=1,2 1 =1,2 2
. €, k=1,2,..,n, 1=1,2,....n— 2,
T (g —af+1) "
$,01 (8) , ery U (8)
D%y (s), ...,
o _an—1_y .., D, (s) ...
Da o t (t—s) k™% S
g U 0 r(ag—ap™) T [ ha (7,01 (7)) dr,
0
J B (7,00 (7)) dT)
0
R N i
F(n—azfl)(f‘(n—uk)—l)
$,01(8) ,ery Up (s) ,
} Dal’Ul ( ) 5 e Dal (S)
1 (178)(11.@— k1 04"71
X fo Tl fr : Uy (8) ..., D ns v, (),
f (7—’ (%1 (T)) dTa .y f (7_7 Un (7_)) dT)
0 0
n—1
JET % €k
1ok — ap” ! .
€, k=1,2,..,n, i =n—1.

F(ozk—az 1—|—1)

Up (5)

n—1
D% U1

ds,

ds

ds

ds

61

(29)



62 A. TAIEB

Similarly as before, we can show that

i €k i
D% — H < A M; A — ULy eeey Uy — Uy ,
[t =] s Ty A = st = )

k= 1,2,.,n, i=1,2,...,n— 1. (30)

It follows (27) and (30), that

H(vl — U1y .-y Un — uﬂ)HB

€k €k
< max , -
< l<k<n <F(ak+1) F(ak—ai-i—l))
1<i<n—-1
+ max (MkAk,M,iAk) (1 = ur, .oy v — )l 5
1<k<n
1<:<n—-1
< A+ O|[(v1 — Uty Uy — )| g s
(31)
where
A ( ! ! ) (32)
€ = maxe,, A= max ; - .
1<hn ¥ 1<k<n I'(opg+1) T (o —af +1)
1<i1<n—-1
Hence,
e\ A
(o1 — g,y vn — )|l g < i-0) = 0p€ Of = i-o)
(33)

From (Hy), we have §5, > 0. So, system (1) is Ulam-Hyers stable. Taking
Ty, (€) = 0p.€, we get system (1) is generalized Ulam-Hyers stable. This ends
the proof.

4 Open Problems

1. What are the sufficient conditions that guarantee Ulam-Hyers Rassias sta-
bility for the problem considered in this paper?

2. The problem considered in this paper can be generalized to a higher di-
mension?
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3. If fr + (0,1] x R™+" — R are continuous functions, singular at ¢ = 0,
and lim+ fr (t) = oo, the open problem is to find sufficient conditions for the
t—0

existence and uniqueness of solutions as well as generalized stability conditions
in this case.
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