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Abstract

In this work, a new three parameter extreme value model is
defined and studied. Various structural properties of the pro-
posed model are investigated. The new density is expressed as
a linear mixture of the Fréchet density. Method of the maxi-
mum likelihood is implemented to estimate the model param-
eters. Simulations are conducted for different sample sizes to
examine the performance of the maximum likelihood estima-
tors for the model parameters. The new model is applied to
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two real data sets to empirically prove its flexibility in com-
parison to some known models.

Keywords: Extreme value models, Maximum likelihood, moments, Order
statistics, Fréchet model.
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1 Introduction

Assume that Y1, Y2, ... , Ym, ... is a sequence of iid (independent and
identically distributed) random variables with common cdf (cumulative dis-
tribution function) F (y) . One of the most interesting statistics is the sample
maximum Mm = max {Y1, Y2, ..., Ym} . One is keen on the behaviour of Mm as
the sample size m increases to infinity.

pr {Mm ≤ y} = pr {Y1 ≤ y, Y2 ≤ y, ..., Ym ≤ y, }
= pr {Y1 ≤ y} ...pr {Ym ≤ y}
= F (y)m .

Assume there are sequences of constants {τm > 0} and {`m} such that

pr

{
Mm − `m

τm
≤ y

}
→ G (y) as m→∞,

then if G (y) is a non-degenerate distribution function, then it will belong to
one of the three following fundamental types of classic extreme value family:
which is Type I (Gumbel distribution); Type II ( Fréchet distribution); Type
III (Weibull distribution). The extreme value theory concentrates on the
behavior of the block maxima or minima. The extreme value theory was
presented first by Fréchet [10] and Fisher and Tippett [11], then took after
by Von Mises [22, 23]. The so called Fréchet (‘Fr’ for short) distribution is
one of the most important distributions in extreme value theory and it has
applications ranging from accelerated life testing through earthquakes, rainfall,
floods, horse racing, queues in supermarkets, wind speeds and sea waves.

For more details about the Fr distribution and its applications, see Kotz
and Nadarajah [15]. Moreover, applications of this distribution in various fields
are given in Harlow [13]. Of late, some new extensions of the Fréchet distribu-
tion were considered by Nadarajah and Kotz [19], Nadarajah and Gupta [18],
Nadarajah and Kotz [20], Barreto-Souza et al. [5], Mahmoud and Mandouh
[16], Krishna et.al. [14], da Silva et al. [8], Elbatal et al. [9], Afify et al. [1],
Yousof et al. [24], Mead et al. [17], Afify et al. [2], Afify et al. [3], Afify et al.
[4], Yousof et al. [25], Cordeiro et al. [6] and Yousof et al. [26].
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The probability density function (pdf) and cumulative distribution function
(cdf) of the Fréchet (Fr) distribution are given by (for x ≥ 0)

g(x; ζ, θ) = θζθx−(θ+1) exp
[
− (ζ/x)θ

]
and G(x, ζ, θ) = exp

[
− (ζ/x)θ

]
, (1)

respectively, where ζ > 0 is a scale parameter and θ > 0 is a shape parameter.
The aim of this paper is to propose the first generalization of the Fr model

using the Zografos–Balakrishnan-G family of distributions which was intro-
duced by Nadarajah et al. [21]. The pdf and cdf of the Zografos–Balakrishnan-
G family of distributions are respectively given by

f(x;λ, ξ) = Γ−1 (λ) g (x; ξ)
{
− logG (x; ξ)

}
λ−1, (2)

and

F (x;λ, ξ) = Γ−1 (λ)

− logG(x;ξ)∫
0

tλ−1 exp (−t) dt = Γ−1 (λ) γ
(
λ,− logG (x; ξ)

)
.

(3)
We use equations (1) and (2) to obtain the three-parameter ZBFr pdf (for
x ≥ 0) as

f(x) = θζθΓ−1 (λ)x−(θ+1) exp
[
− (ζ/x)θ

] (
− log

{
1− exp

[
− (ζ/x)θ

]})λ−1
,

(4)
and the corresponding cdf and hazard rate function are given respectively by

F (x) = Γ−1 (λ) γ
(
λ,− log

{
1− exp

[
− (ζ/x)θ

]})
, (5)

and

h (x) = θζθx−(θ+1) exp
[
− (ζ/x)θ

]
γ−1

(
λ,− log

{
1− exp

[
− (ζ/x)θ

]})
, (6)

where γ−1 (δ, z) = 1/
∞∫
z

tδ−1 exp (−t) dt is the complementary incomplete gamma

function. Henceforth, we denote a random variable X having pdf (4) by X
∼ZBFr(λ, ζ, θ). The importance of (4) is that it contains as sub-models sev-
eral generated distributions. Following Nadarajah et al. [21] and expanding

the quantity
(
− log

{
1− exp

[
− (ζ/x)θ

]})λ−1
in (4) we get

f(x) =
∞∑
k=0

Ψkπζ+k(x), ∀ ζ > 0 and ζ ∈ R, (7)
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where

Ψk =
k∑
j=0

(−1)k+j+r Pj,k
(λ+ k) Γ (λ− 1)

(
k − λ+ 1

k

)(
k

j

)
,

and πζ+k (x) is the Fr density with scale parameter a (ζ + k)
1
b and shape pa-

rameter b, the constants Pj,k can be calculated recursively by

Pj,k = k−1
k∑

m=1

[k −m (j + 1)] smΥj,k−m

for k = 1, 2, ...with Υj,0 = 1 and sk = (−1)k+1

(k+1)
, and

πλ+k(x) = (ζ + k) θζθx−(θ+1) exp
[
− (ζ/x)θ

]{
exp

[
− (ζ/x)θ

]}λ+k−1
is the Fr density with with scale parameter ζ (λ+ k)

1
θ and shape parameter θ

. Similarly, the cdf in (5) can be expressed as

F (x) =
∞∑
k=0

Ψk Πλ+k(x), (8)

where Πλ+k(x) = exp
[
− (λ+ k) (ζ/x)θ

]
is the Fr cdf with scale parameter

ζ (λ+ k)
1
θ and shape parameter θ.
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Figure 1: Plots of the ZBFr pdf and hrf for some parameter values.
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The rest of the paper is outlined as follows. In Section 2, we derive some
mathematical properties including moments, generating function, residual life
and reversed residual life functions, stress-strength model and order statistics
and their moments are introduced at the end of the section. Maximum likeli-
hood estimation of the model parameters is addressed in Section 3. In section
4, simulation results to assess the performance of maximum likelihood estima-
tors of the proposed distribution are discussed. We provide two applications
to real data sets to illustrate the importance of the new model in Section 5.
Finally, we offer some concluding remarks in Section 6.

2 Mathematical properties

In this section we provide some mathematical properties of the ZBFr dis-
tribution.

2.1 Moments and cumulants

The rth ordinary moment of X is given by

µ′r = E(Xr) =
∞∑
k=0

Ψk

∫ ∞
−∞

xr πλ+k (x) dx,

then we obtain

µ′r =
∞∑
k=0

Ψk

ζ−r
(λ+ k)r/θ Γ (1− r/θ) , ∀ r < θ. (9)

2.2 Moment generating function

Here, we provide two formulae for the moment generating function (mgf)
MX (t) = E

(
etX
)

of X. The first one can be derived from equation (9) as

MX (t) =
∞∑

k,r=0

Ψk

ζ−r
tr

r!
(λ+ k)r/θ Γ (1− r/θ) ,∀ r < θ.

As for the second formula for MX (t), setting y = x−1 in (1), we first derive
the mgf of Fr distribution

M(t; ζ, θ) = θζθ
∫ ∞
0

exp (t/y) y(θ−1) exp
{
− (ζy)θ

}
dy.

By expanding the first exponential and calculating the integral, we have
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M(t; ζ, θ) = θζθ
∫∞
0

∑∞
m=0

tm

m!
exp (t/y) yθ−m−1 exp

{
− (ζy)θ

}
dy

=
∑∞

m=0
ζm tm

m!
Γ (1−m/θ) ,

where the gamma function is well-defined for any non-integer θ.
Consider the Wright generalized hypergeometric function defined by

pΦq

[ (
ζ1, A1

)
, . . . ,

(
ζp, Ap

)(
θ1, B1

)
, . . . ,

(
θq, Bq

) ; x

]
=
∞∑
n=0

p∏
j=1

Γ (ζj + Aj n)

q∏
j=1

Γ (θj +Bj n)

xn

n!
.

Then, we have

M(t; ζ, θ) = 1Φ0

[ (
1,−1

θ

)
− ; ζt

]
,

Finally, we obtain the mgf of X ∼ ZBFr, say MX(t), using (7) as

MX(t) =
∞∑
k=0

Ψk 1Φ0

[ (
1,−1

θ

)
− ;

ζ

(λ+ k)−
1
θ

t

]
.

2.3 Incomplete moments and mean deviations

The main applications of the first incomplete moment refer to the mean
deviations and the Bonferroni and Lorenz curves. These curves are very use-
ful in economics, reliability, demography, insurance and medicine. The mth
incomplete moment, say Im (t), of X can be expressed from (7) as

Im (t) =
∞∑
k=0

Ψk

∫ t
−∞ x

m πλ+k (x) dx

=
∞∑
k=0

Ψk

ζ−m
(λ+ k)m/θ γ

(
1−m/θ, (λ+ k) (ζ/t)θ

)
,∀ m < θ.

The mean deviations about the mean [δ1 = E(|X−µ′1|)] and about the median
[δ2 = E (|X −M |)] of X are given by δ1 = 2µ

′
1F (µ′1) − 2I1(µ

′
1) and δ2 =

µ′1 − 2I1 (M), respectively, where µ′1 = E (X), M = Median(X) = Q(0.5) is
the median, F (µ′1) is easily calculated from (5) and I1 (t) is the first incomplete
moment given by the last equation with m = 1. A general equation for I1 (t)
can be derived from the last equation as

I1 (t) =
∞∑
k=0

Ψk

ζ−1
(λ+ k)θ

−1

γ
(

1− θ−1, (λ+ k) (ζ/t)θ
)
.
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2.4 Moment of residual and reversed residual life

The nth moment of the residual life, say mn(t) = E[(X − t)n | X > t], n =
1, 2,. . . , uniquely determines F (x). The nth moment of the residual life of X
is given by mn(t) = 1

1−F (t)

∫∞
t

(x− t)ndF (x). Therefore,

mn(t) = [1− F (t)]−1
∞∑
k=0

Ψ?
k

ζ−n
(λ+ k)n/θ Γ

(
1− n/θ, (λ+ k) (ζ/t)θ

)
,∀ n < θ,

where Ψ?
k = Ψk

n∑
r=0

(1− t)n. Another interesting function is the mean resid-

ual life (MRL) function or the life expectation at age t defined by m1(t) =
E [(X − t) | X > t], which represents the expected additional life length for
a unit which is alive at age t. The MRL of X can be obtained by setting
n = 1 in the last equation. The nth moment of the reversed residual life, say
Mn(t) = E [(t−X)n | X ≤ t] for t > 0 and n = 1, 2,. . . uniquely determines
F (x). We obtain Mn(t) = 1

F (t)

∫ t
0
(t− x)ndF (x). Then, the nth moment of the

reversed residual life of X becomes

Mn(t) = F−1(t)
∞∑
k=0

Ψ??
k

ζ−n
(λ+ k)n/θ γ

(
1− n/θ, (λ+ k) (ζ/t)θ

)
,∀ n < θ,

where Ψ??
k = Ψk

n∑
r=0

(−1)r
(
n
r

)
tn−r. The mean inactivity time (MIT) or mean

waiting time also called the mean reversed residual life function is given by
M1(t) = E[(t −X) | X ≤ t], and it represents the waiting time elapsed since
the failure of an item on condition that this failure had occurred in (0, t). The
MIT of the ZBFr distribution can be obtained easily by setting n = 1 in the
above equation.

2.5 Order statistics

Suppose X1, . . . , Xn is a random sample from any ZBFr distribution. Let
Xi:n denote the ith order statistic. The pdf of Xi:n can be expressed as

fi:n(x) =
n−i∑
j=0

(−1)j [B(i, n− i+ 1)]−1 f(x)F (x)j+i−1
(
n− i
j

)
.

Following similar algebraic developments of Nadarajah et al. [21], we can write
the density function of Xi:n as

fi:n(x) =
∞∑

r,k=0

Ψr,k πr+k+1(x), (11)
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where

Ψr,k =
n! (r + 1) (i− 1)! Ψr+1

(r + k + 1)

n−i∑
j=0

(−1)j ψj+i−1,k
(n− i− j)! j!

,

Ψk is given in Section 1 and the quantities ψj+i−1,k can be determined with
ψj+i−1,0 = Ψj+i−1

0 and recursively

ψj+i−1,k = (k c0)
−1

k∑
m=1

[m (j + i)− k] Ψm ψj+i−1,k−m, ∀ k ≥ 1.

Equation (11) is the main result of this section. The qth moment of ith order
statistic is given by

E (Xq
i:n) =

∞∑
r,k=0

Ψr,k

ζ−q
(λ+ k + 1)q/θ Γ (1− q/θ) ,∀ q < θ.

3 Estimation

Several approaches for parameter estimation has been proposed in the liter-
ature but maximum likelihood method is the most commonly employed. The
maximum likelihood estimators (MLEs) enjoy desirable properties and can be
used for constructing confidence intervals and regions and also in test statistics.
The normal approximation for these estimators in large samples can be easily
handled either analytically or numerically. So, we consider the estimation of
the unknown parameters of this family from complete samples only by maxi-
mum likelihood. Let x1, . . . , xn be a random sample from ZBFr distributions
with parameters λ, θ, ζ, and θ. Let η =(λ, ζ, θ)ᵀ be the 3×1 parameter vector.
For determining the MLE of η, we have the log-likelihood function

` = `(η) = n log θ + nθ log ζ − n log [Γ (λ)]− (θ + 1)
n∑
i=1

log xi

−
n∑
i=1

(ζ/x)θ + (λ− 1)
n∑
i=1

log [− log (1− si)]

where si = exp
[
− (ζ/xi)

θ
]
. The components of the score vector, U (η) =

∂`
∂η

=
(
∂`
∂λ
, ∂`
∂ζ
, ∂`
∂θ

)ᵀ
, are

Uλ = −nψ (λ) +
∑n

i=1 log [− log (1− si)] ,
Uζ = nθ

ζ
− θ

∑n
i=1 ζ

θ−1/xθi − (λ− 1)
∑n

i=1
mi(1−si)−1

log(1−si)
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and

Uθ =
n

θ
+n log ζ−

n∑
i=1

log xi−
n∑
i=1

(ζ/xi)
θ log (ζ/xi)− (λ− 1)

n∑
i=1

zi (1− si)−1

log (1− si)
,

where

ψ (λ) =
d

dλ
{log [Γ (λ)]} , zi = − log (ζ/xi)

(ζ/xi)
−θ si and mi = −θζθ−1x−θi si.

Setting the nonlinear system of equations Uλ = 0, Uζ = 0 and Uθ = 0 and

solving them simultaneously yields the MLE η̂ = (λ̂, ζ̂, θ̂)ᵀ.

4 Simulation study

In this section, the performance of the maximum likelihood method is evalu-
ated for estimating the ZBFr parameters using a Monte Carlo simulation study
with 10, 000 replications. The coverage probabilities (CPs), mean square errors
(MSES) and the bias of the parameter estimates, estimated average lengths
(ALs) are calculated by means of R software. The quantities of these measures
can be found in Cordeiro et al. [7]. We generate N = 10, 000 samples of sizes
n = 50, 55, ..., 1, 000 from the ZBFr distribution with λ = 5, ζ = 2, θ = 12.

Findings of the simulation experiments are graphically presented in Figure
2. From these plots it is easily observed that

X The estimated biases decrease when the sample size n increases,

X The estimated MSEs decay toward zero as n increases,

X The CPs are near 0.95 and approach the nominal value when the sample
size n increases,

X The ALs decrease for all parameters when the sample size n increases.

These results reveal the consistency property of the MLEs.
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Figure 2: Estimated CPs, biases, MSEs and ALs for the selected parameter
values.

5 Applications

Here, we consider two applications of real data modeling to illustrate the
importance and potentiality of the ZB-Fr model. For these data, we compare
the ZB-Fr distribution, with Fr, MO-Fr, Kw-Fr, B-Fr, MoKw-Fr and KwMO-
Fr distributions given in Appendix.

The first data set comprises the survival times (in days) of 72 guinea pigs
infected with virulent tubercle bacilli. This data set was previously used by
Krishna et al. [14]. While the second second data set represents the survival
times, in weeks, of 33 patients suffering from acute Myelogeneous Leukaemia.
These data was analyzed by Feigl and Zelen [12]
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In order to select the best fitted model, we consider the Akaike informa-
tion criterion (AIC), Bayesian information criterion (BIC), Hannan-Quinn in-
formation criterion (HQIC), consistent Akaike information criterion (CAIC).
Generally, the smaller these statistics are, the better the fit. From our find-
ings it is seen that in all the four cases considered here the proposed ZB-Fr
turned out to be the best model in terms of different selection criteria. More
over from the plots of estimated pdf against the observed histograms in Figure
3 and the estimated cdfs against empirical cdfs in Figure 3 reveals that the
proposed distribution provides closest fit to all the data sets. It may be men-
tioned that the proposed three parameter distribution has even out performed
the four and five parameter extensions considered here. The proposes new ex-
tension will therefore be a valued contribution to the existing set of extended
Fr distribution.
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Estimated pdf’s
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Figure 3: Plots of the observed histogram with estimated pdfs of all models(top
right), observed and estimated of ZB-Fr (top left)for the data set I. For the
data set II(bottom )

6 Conclusions

A new three parameter extreme value model which extends the Fréchet
(Fr) distribution is defined and studied. Various structural properties of the
proposed model including ordinary and incomplete moments, generating func-



A New Statistical Model for Extreme Values: Properties and Applications 81

tions, order statistics, residual and reversed residual life functions are investi-
gated. The new density can be expressed as a linear mixture of the Fr density.
Method of the maximum likelihood is used to estimate the model parameters.
Various simulations are considered for different sample sizes to examine the
performance of the maximum likelihood estimators for the model parameters.
The new model is applied to two real data sets to prove empirically its flex-
ibility. It can serve as an alternative extreme value model to other lifetime
distributions in the existing literature for modeling the positive real data in
many areas.

Appendix:

Here we provide the pdfs of all competing distributions used in the appli-
cations.

Frechet distribution:

f(x) = θξθ x−θ−1e−(ξ/x)
θ

MO-Fr distribution:

f(x) =
λθξθx−θ−1e−(ξ/x)

θ[
1− λ̄

(
1− e−(ξ/x)θ

)]2 .
Kw-Fr distribution:

f(x) = a b θξθx−θ−1e−(ξ/x)
θ
[
e−(ξ/x)

θ
]a−1 [

1−
{
e(−ξ/x)

θ
}a]b−1

B-Fr distribution :

f(x) =
θ ξθ

B (a, b)
x−θ−1

[
e−(ξ/x)

θ
]a [

1− e−(ξ/x)θ
]b−1

MOKw-Fr distribution:

f(x) =
λ a b θξθx−θ−1e−(ξ/x)

θ
[
e−(ξ/x)

θ
]a−1 [

1−
{
e−(ξ/x)

θ
}a]b−1

[
1− λ̄

[
1−

{
e(ξ/x)θ

}a]b]2
KwMO-Fr distribution:

f(x) =
λ a b θξθ x−θ−1e−(ξ/x)

θ
[
e−(ξ/x)

θ
]a−1

1− λ̄
[
1− e−(ξ/x)θ

]a+1

[
1−

{
e−(ξ/x)

θ

1− λ̄
(
1− e−(ξ/x)θ

)}a]b−1
The parameters of the above densities are all positive real numbers and the

support is x > 0
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