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Abstract

A modified mathematical model of the Human Immunodefi-
ciency Virus (HIV) pathogenesis with cytotoxic T lymphocytes
(CTL) is introduced in this paper. This model includes a sat-
urated rate function describing the viral infection. It is shown
that the disease free steady state is globally asymptotically sta-
ble when the virus basic reproduction number is less than one.
The existence of two other infection equilibria is established
when the virus basic reproduction number is greater than one.
The global stability of these endemic equilibria depends on the
basic reproduction number and a CTL immune response re-
production indicator. Numerical simulations are performed
to illustrate the behavior of solutions and the effectiveness of
CTL cells. Moreover, a comparison of the model fitting with
some clinical data sets and its implications are also presented.
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1 Introduction

The human immunodeficiency virus (HIV) is a virus that gradually weakens the
immune system. It is considered as the main cause for several deadly diseases
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after the resulting acquired immunodeficiency syndrome (AIDS) is reached.
After that the immune system fails to play its life-sustaining role [1, 2].

Indeed, it is well known that the cellular immune response, also called the
cytotoxic T-lymphocyte (CTL) response, play an indispensable role during the
HIV viral infection, the effect of the CTL which attacks and kills the infected
cells [3, 4].

The basic viral infection model with CTL cells was first studied in [5] and its
global stability was studied in [6,7]. Noting that CTL cells are responsible for
the abrupt decrease HIV virus load after a sharp increase during the primary
infection phase [8–11]. In [12], the authors consider the interaction between
CTL, viruses and macrophages and study the global stability in a model with
mass action infection term. With saturated infection term, the same mathe-
matical question was tackled in [13] with a model consisting of four ordinary
differential equations with Beddington-DeAngelis infection term.

More recently the model describing the interaction between the HIV viruses,
CD4+ T cells, infected cells with a standard incidence rate function describing
saturated viral infection is formulated and studied in [14]. The authors study
the local and global stability of the endemic states and illustrate that their
model can fit well with some clinical HIV infection data sets. In this paper,
we extend their work by incorporating the cytotoxic T lymphocytes (CTL)
immune response. The dynamics of HIV infection with CTL response that we
consider is given by the following nonlinear system of differential equations:

ẋ(t) = λ− d1x(t)− k1x(t)v(t)

x(t) + v(t)
,

ẏ(t) =
k1x(t)v(t)

x(t) + v(t)
− d2y(t)− py(t)z(t)

v̇(t) = ay(t)− d3v(t),

ż(t) = cy(t)z(t)− bz(t).

(1)

With the initial conditions x(0) = x0, y(0) = y0, v(0) = v0 and z(0) = z0.
In this model, x, y, v and z denote the concentration of uninfected cells,

infected cells, free virus and CTL cells, respectively. λ is the rate of production
of the susceptible host cells CD4+ T cells , and d1 is atural mortality of healthy
cells, k1 is the average of infection, d2 is the death rate of infected CD4+ T
cells, not by CTL killing, p is the clearance rate of infection, a is the rate of
production the virus by infected CD4+ T cells , d3 is the death rate of virus,
c is the activation rate CTL cells and b is the death rate of CTL cells.

The paper is organized as follows. The next section is dedicated to present-
ing the mathematical model. In section 3 we calculate the steady state of our
model, followed, in section 4, by the global stability of the model. In section
5, we compare our model with clinical data. We conclude in the last section.
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2 Mathematical model

The theoretical analysis to epidemic models and dynamical systems [15–18]
shown that time delays play a crucial role to the dynamical properties of the
HIV infection models. In order to study the influence of time delay on the
spread of HIV, we have illustrated the following model:

ẋ(t) = λ− d1x(t)− k1x(t)v(t)

x(t) + v(t)
,

ẏ(t) =
k1x(t− τ1)v(t− τ1)
x(t− τ1) + v(t− τ1)

− d2y(t)− py(t)z(t)

v̇(t) = ay(t− τ2)− d3v(t),

ż(t) = cy(t)z(t)− bz(t).

(2)

where τ1 represents the delay in the production of productively infected cells
and τ2 represents the delay in the production of virus. Note that this model

(2), employs the more realistic standard incidence rate function
k1xv

x+ v
as in

[14,19,20] which better describes the rate of viral infection.
With the initial conditions of model (2) are given by x(θ) > 0, y(θ) > 0,
v(θ) > 0 and z(θ) > 0 for θ ∈ [−ρ, 0], where ρ = max(τ1, τ2). It can be
shown that the solution of model (2) with positive initial conditions will remain
positive. In order to prove the boundedness of the solutions of the model (2),
let us the function:

T (t) = x(t) + y(t+ τ1) +
d2
2a
v(t+ τ1 + τ2) +

p

c
z(t+ τ1).

Then using the equation of (2), we get

dT

dt
(t) = λ− d1x(t)− d2

2
y(t+ τ1)−

d2d3
2a

v(t+ τ1 + τ2)−
pb

c
z(t+ τ1)

≤ λ− %T (t),

where % = min(d1,
d2
2
, d3, b). Therefore, we have

lim sup
t→+∞

T (t) ≤ λ

%
.

Hence, all solutions of the model (2) are bounded for sufficiently large t.

3 Steady states

The system (2) has an infection-free equilibrium Ef = (
λ

d1
, 0, 0, 0), correspond-

ing to the maximal level of healthy CD4+ T-cells. Based on its biological defi-
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nition, the basic reproduction number R0 is the product of a virus’ maximum
average lifetime infection production I times the average lifetime virus pro-
duction V of an infected CD4+ T-cell. It is easy to see that I = k1/d3, while
V = a/d2. Therefore

R0 = IV =
ak1
d2d3

. (3)

Mathematically, system (2) may have three equilibria in addition to the disease
free equilibrium. The first endemic steady state is E1 = (x1, y1, v1, z1), where

x1 =
λR0

k1(R0 − 1) + d1R0

, y1 =
d3
a
v1, v1 = (R0 − 1)x1, z1 = 0.

The second endemic steady state is E2 = (x2, y2, v2, z2), where

x2 =
λ− (d1 + k1)v2 +

√
(λ− k1v2)2 + d1v2(d1v2 + 2λ+ 2k1v2)

2d1
,

y2 =
b

c
, v2 =

a

d3
y2

z2 =

x2(
v2
y2
k1 − d2)− d2v2

p(x2 + v2)
.

The third endemic steady state is E3 = (x3, y3, v3, z3), where

x3 =
λ− (d1 + k1)v3 −

√
(λ− k1v3)2 + d1v3(d1v3 + 2λ+ 2k1v3)

2d1
,

y3 =
b

c
, v3 =

a

d3
y3

z3 =

x3(
v3
y3
k1 − d2)− d2v3

p(x3 + v3)
.

Since x3 < 0, this last point has no biological meaning and hence it will not
be studied below.

In what follows, we will make use of the following CTL immune response
reproduction number RCTL to classify the model system dynamics.

RCTL =
cy1
b

=
λcd3R0(1−

1

R0

)

ab(d1 + k1(1−
1

R0

))
.

Observe that the second endemic state E2 exists when RCTL > 1. This endemic
state is also called an interior equilibrium.
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We explain the existence of this endemic equilibrium as follow. We recall
first, that in this state both the free viruses and CTL cells are present. As-
sume that R0 > 1, in the absence of CTL immune response, the infected cell

load per unit time is
λd3R0(R0 − 1)

ak1(R0 − 1) + ad1R0

. Via the fourth equation of model

(2), CTL cells reproduced due to infected cells stimulating per unit time is
cλd3R0(R0 − 1)

ak1(R0 − 1) + ad1R0

= cy1. The CTL load during the lifespan of a CTL cell

is
cλd3R0(R0 − 1)

abk1(R0 − 1) + abd1R0

= RCTL. If RCTL > 1, then we have the existence of

the endemic equilibrium E2.

4 Global stability results

In this section, we study the global asymptotic stability of the steady states us-
ing the method of Lyapunov function construction. For this reason we consider
the function

F (x) = x− 1− ln(x),∀x > 0.

Note that F (x) > 0,∀x > 0 and that F (x) = 0 if and only if x = 1. We
consider the positive real numbers x1, x2, ..., xn, then

1− xi + lnxi = −F (xi) ≤ 0, ∀i = 1, ..., n

By summing for i = 1, ..., n, we get:

n−
n∑
i=1

xi + ln
n∏
i=1

xi ≤ 0,

if we take xi =
pi
qi

, we will have

n−
n∑
i=1

pi
qi

+ ln
n∏
i=1

pi
qi
≤ 0, (4)

when
∏n

i=1 pi =
∏n

i=1 qi, (
∏n

i=1

pi
qi

= 1 ), we will have

n−
n∑
i=1

pi
qi
≤ 0.

First, we will study the global stability of the disease-free equilibrium.

Theorem 4.1 If R0 ≤ 1, then the disease-free equilibrium Ef is globally
asymptotically stable, for any delay τ1 > 0, τ2 > 0.
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proof We would like to show limt→∞(y, v, z) = (0, 0, 0). To this end, we
consider the following Let the following Lyapunov functional:

Lf (x, y, v, z) = y +
d2
a
v + k1

∫ t

t−τ1

x(ξ)v(ξ)

x(ξ) + v(ξ)
dξ + d2

∫ t

t−τ2
y(ξ)dξ +

p

c
z.

The time derivative is given by:

L̇f (x, y, v, z) = ẏ +
d2
a
v̇ + k1

(
x(t)v(t)

x(t) + v(t)
− x(t− τ1)v(t− τ1)
x(t− τ1) + v(t− τ1)

)
+ d2 (y(t)− y(t− τ2)) +

p

c
ż,

=
k1x(t)v(t)

x(t) + v(t)
− d2d3

a
v(t)

≤ k1v(t)− d2d3
a
v(t)

≤ d2d3
a

(R0 − 1) v(t)

If R0 < 1; then L̇f ≤ 0 Moreover, L̇f ≤ 0 when v = 0. The largest compact
invariant.

E = {(x, y, v, z) ∈ R+
∗ |v = 0}

According to LaSalle’s invariance principle, limt→+∞ v(t) = 0, the limit system
of equations is: 

ẋ = λ− d1x
ẏ = −d2y − pyz
ż = cyz − bz

We define :

Lf (x, y, z) =
1

x0

(
x− x0 − x0 ln

x

x0

)
+ y +

p

c
z.

Since x0 = λ
d1

, then

L̇f (x, y, z) = d1

(
2− x

x0
− x0

x

)
− d2y −

pb

c
z,

Since the arithmetic mean is greater than or equal to the geometric mean, it
follows

2− x

x0
− x0

x
≤ 0

Therefore L̇f ≤ 0 and the equality holds if x = x0, y = 0 and z = 0, which
complete the proof.
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Theorem 4.2 If R0 ≥ 1 and RCTL ≤ 1; then the endemic point E1 is globally
asymptotically stable.

proof Let the following Lyapunov functional:

L1(x, y, v, z) =x− x1 −
∫ x

x1

d2y1
k1uv1
u+ v1

du+ y − y1 − y1 ln
y

y1

+
d2
a

(v − v1 − v1 ln
v

v1
) +

p

c
z

+ k1
x1v1
x1 + v1

∫ t

t−τ1
F (
x(ξ)v(ξ)

x1v1

x1 + v1
x(ξ) + v(ξ)

)dξ

+ d2y1

∫ t

t−τ2
F (
y(ξ)

y1
)dξ.

The time derivative of this functional is given by

L̇1(x, y, v, z) = − d1v1
x(x1 + v1)

(x− x1)2

+ d2y1

(
−1− v

v1
+
v

v1

x+ v1
x+ v

+
x+ v

x+ v1

)
+ d2y1

(
4− x1

x

x+ v1
x1 + v1

− y1
y

x(t− τ1)v(t− τ1)
x1v1

x1 + v1
x(t− τ1) + v(t− τ1)

− y(t− τ2)v1
y1v

− x+ v

x+ v1
+ ln(

x(t− τ1) + v(t− τ1)
xv

x+ v

x(t− τ1) + v(t− τ1)
y(t− τ2)

y
)

)
+ pz(y1 −

b

c
),

this fact, implies that

L̇1(x, y, v, z) = − d1v1
x(x1 + v1)

(x− x1)2

− (d2 + k2)s1

(
x(v − v1)2

v1(x+ v1)(x+ v)

)
+ d2y1(4−

x1
x

x+ v1
x1 + v1

− y1
y

x(t− τ1)v(t− τ1)
x1v1

x1 + v1
x(t− τ1) + v(t− τ1)

− y(t− τ2)v1
y1v

− x+ v

x+ v1
+ ln(

x(t− τ1)v(t− τ1)
xv

x+ v

x(t− τ1) + v(t− τ1)
y(t− τ2)

y
))

+ pz(y1 −
b

c
)
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Taking p1 = x1(x+v1), p2 = y1(x(t−τ1)v(t−τ1)), p3 = y(t−τ2)v1, p4 = x+v,
q1 = x(x1 + v1), q2 = y(x1v1), q3 = y1v, q4 = x + v1 and using the inequality
(4) for n = 4 , we obtain

4− x1
x

x+ v1
x1 + v1

− y1
y

x(t− τ1)v(t− τ1)
x1v1

x1 + v1
x(t− τ1) + v(t− τ1)

− y(t− τ2)v1
y1v

− x+ v

x+ v1
+ ln(

x(t− τ1) + v(t− τ1)
xv

x+ v

x(t− τ1) + v(t− τ1)
y(t− τ2)

y
) ≤ 0

Also when RCTL ≤ 1, we will have y1 −
b

c
≤ 0; which means that L̇1 ≤ 0,

and the equality holds when x = x1, y = y1, sv = v1 and z = z1. By the
LaSalle invariance principle, the endemic point E1 is asymptotically stable
when R0 ≥ 1 and RCTL ≤ 1.

Theorem 4.3 If R0 ≥ 1 and RCTL ≥ 1, then the endemic point E2 is globally
asymptotically stable for any delay τ1 > 0, τ2 > 0.

proof Let the following Lyapunov functional:

L2(x, y, v, z) =x− x2 −
∫ x

x2

d2y2 + py2z2
k1uv2
u+ v2

du+ y − y2 − y2 ln
y

y2

+
d2 + pz2

a
(v − v2 − v2 ln

v

v2
)

+
p

c
(z − z2 − z2 ln

z

z2
)

+ k1
x1v2
x2 + v2

∫ t

t−τ1
F (
x(ξ)v(ξ)

x2v2

x2 + v2
x(ξ) + v(ξ)

)dξ

+ (d2y2 + py2z2)

∫ t

t−τ2
F (
y(ξ)

y2
)dξ.

The time derivative of this Lyapunov functional is given by
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L̇2(x, y, v, z) =ẋ− (d2y2 + py2z2)
x+ v2
k1xv2

ẋ+ ẏ − y2
y
ẏ

+
d2 + pz2

a
(v̇ − v2

v
v̇)

+
p

c
(ż − z2

z
ż)

− k1
x2v2
x2 + v2

(
F (
x(t− τ1)v(t− τ1)

x2v2

x2 + v2
x(t− τ1) + v(t− τ1)

)

− F (
xv

x2v2

x2 + v2
x+ v

)

)
+ (d2y2 + py2z2)

(
F (

y

y2
)

− F (
y(t− τ2
y2

)

)
.

Then,

L̇2 =− d1v2
x(x2 + v2)

(x− x2)2 + ((d2 + k2)y2 + py2z2)

(
−1− v

v2
+
v

v2

x2 + v2
x+ v

+
x+ v

x+ v2

)
+ ((d2 + k2)y2 + py2z2)

(
4− x2

x

x+ v2
x2 + v2

− y2
y

x(t− τ1)v(t− τ1)
x2v2

x2 + v2
x(t− τ1) + v(t− τ1)

− y(t− τ2)v2
y2v

− x+ v

x+ v2
+ ln(

x(t− τ1) + v(t− τ1)
xv

x+ v

x(t− τ1) + v(t− τ1)
y(t− τ2)

y
)

)
.

Hence

L̇2 =− d1v2
x(x2 + v2)

(x− x2)2 + (d2y2 + py2z2)

(
− x(v − v2)2

v2(x+ v2)(x+ v)

)
+ (d2y2 + py2z2)

(
4− x2

x

x+ v2
x2 + v2

− y2
y

x(t− τ1)v(t− τ1)
x2v2

x2 + v2
x(t− τ1) + v(t− τ1)

− y(t− τ2)v2
y2v

− x+ v

x+ v2
+ ln(

x(t− τ1) + v(t− τ1)
xv

x+ v

x(t− τ1) + v(t− τ1)
y(t− τ2)

y
)

)
.

Taking p1 = x1(x+v1), p2 = y1(x(t−τ1)v(t−τ1)), p3 = y(t−τ2)v1, p4 = x+v,
q1 = x(x1 + v1), q2 = y(x1v1), q3 = y1v, q4 = x + v1 and using the inequality
(4) for n = 4 , we obtain

4− x2
x

x+ v2
x2 + v2

− y2
y

x(t− τ1)v(t− τ1)
x2v2

x2 + v2
x(t− τ1) + v(t− τ1)

− y(t− τ2)v2
y2v

− x+ v

x+ v2
+ ln(

x(t− τ1) + v(t− τ1)
xv

x+ v

x(t− τ1) + v(t− τ1)
y(t− τ2)

y
) ≤ 0

which means that L̇2 ≤ 0, and the equality hods when x = x2, y = y2, v = v2
and z = z2. By the LaSalle invariance principle, the endemic point E2 is
asymptotically stable when RCTL ≥ 1 and R0 ≥ 1.
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Figure 1: Behavior of the infection for the first patient during the first 120
days for λ = 11.537, d1 = 0.08, k1 = 0.022, d2 = 0.3, d3 = 0.25, a = 5000,
p = 0.04, c = 0.25 and b = 0.002.

5 A clinical data based application

Define the following objective function

J =
1

n

n∑
i=1

(log(v(ti)− log(v̂(ti)))
2 ,

where v(ti) represents the virus concentration at time ti using the mathematical
model and v̂(ti) represents the virus concentration clinical data at time ti.

The numerical simulations are performed and compared to three first pa-
tient data [21]. The authors took data for patients 1 and 2 from the University
of Washington study [11].

Figure 1 shows the evolution of the infection during the first 120 days for
the first patient when R0 = 1.48 × 103 > 1 and RCTL = 1.23 > 1. We
remark that the viral replication fit better the clinical data. Indeed the error
is approximately J ≈ 2.23× 10−2.

Figure 2 shows the evolution of the infection during the first 150 days for
the first patient when R0 = 1.22 × 103 > 1 and RCTL = 1.07 > 1. We
remark that the viral replication fit better the clinical data. Indeed the error
is approximately J ≈ 5.91× 10−1.
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Figure 2: Behavior of the infection for the second patient during the first 150
days for λ = 11.537, d1 = 0.07, k1 = 0.08, d2 = 0.1, d3 = 0.2, a = 800,
p = 0.0024, c = 0.0035 and b = 0.02.

6 Conclusion

In this paper, we have studied the model of the Human Immunodeficiency
Virus (HIV) dynamics in the presence of the immune response which is rep-
resented by the cytotoxic T lymphocytes (CTL) cells. The model includes a
saturated infection rate in order to better describe the viral infection. The
positiveness and the boundedness of solutions are proved; which is consistent
with biological studies. Also, we have studied the stability of both disease-free
and endemic steady states. The disease free steady state is globally asymptot-
ically stable when the basic reproduction number is less than unity (R0 < 1).
The existence of two other infection steady states when R0 > 1 is established.
The global stability of these infection steady states depend on the basic repro-
duction number R0, the CTL immune response reproduction number RCTL.
Numerical simulations are performed in order to show the behavior of infection
during the days of observation. It was shown that the model can fit the clinical
data.

7 Open problems

There are some open problems that can be considered as future directions of
this present work. For example, one can consider a logistic growth for the
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uninfected cells and study the stability of each steady state and to perform
the numerical simulations. Also, one can consider the same problems with
spatial diffusion of the free viruses. This latter can be studied by some suitable
Lyapunov functional and the numerical study can also be interesting.
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