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Abstract

The basic motivation of the present study is to apply the
local fractional homotopy analysis method (HAM) to solve the
coupled nonlinear system of Burger’s equations with local frac-
tional derivative. The derivatives operators are taken in the lo-
cal fractional sense. The result obtained through the proposed
system, proves the effectiveness of this method (LFHAM) in
dealing with these types of problems, which is confirmed in
relation to other works.

Keywords: local fractional derivative operator, local fractional homotopy
analysis method, local fractional nonlinear system of Burger’s equations.
1 Introduction

It is no secret to any researcher in the field of physics or engineering that
systems of partial differential equation such as: (1+1)-dimensional nonlinear
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Boussinesq equation, coupled Hirota Satsuma KdV system, system of Maxwell
equations, system of Schrodinger-Korteweg-De vries equations, system of cou-
pled Burger’s equations and other, can be used to modelled some phenomena
such as, wave propagation and shallow water waves ([1], [2], [3]).

In addition to the physical and engineering importance, there is a second
importance, lies in knowing the solutions of these equations or differential
systems, whether exact or approximate. So we find a lot of researchers in
this field are interested in developing several methods that enable us to solve
this kind of equations or differential systems, among these methods we find,
Adomian decomposition method (ADM) [4], homotopy perturbation method
(HPM) [5], variational iteration method (VIM) [6], DJ-iteration method [7]
and homotopy analysis method [8] and other, all this to have an ideal method
to solve all kinds of differential equations as well as all kinds of differential
systems.

Our work in this paper is based on the homotopy analysis method (HAM),
which was developed in 1992 by Liao Shijun ([8]-[11]), and has been used
extensively to solve partial or ordinary differential equations or differential
systems of integer order or fractional order ([12]-[16]), where we will apply
this method considered in the sense of the local fractional operator [23], to
solve the coupled nonlinear system of Burger’s equations with local fractional
derivative.

The present paper has been organized as follows: In section 2 some basic
definitions and properties of the local fractional derivative, local fractional
integral and some important results. In section 3 we give an analysis of the
local fractional homotopy analysis method (LFHAM). In section 4 we use the
LFHAM to resolve the coupled nonlinear system of local fractional Burger’s
equations. Finally, the conclusion follows.

2 Basic definitions and theorems

In this section, we give some basic concepts about local fractional calculus,
where we present the basic definitions and theories, including: Local fractional
derivative, local fractional integral and some important results.

2.1 Local fractional derivative

Definition 1 Setting g(7) € C,(«, 3), the local fractional derivative of g(7)
of order o at T = 1y is given by ([18],[19])

gl _ A%(g(1) — g(70))

dro| _,. N (1 —70)°

97(r) = : (1)
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where
A7(g(1) — g(70)) = T'(1 + o) [(9(1) — 9(70))] - (2)

and Cy(a, B) designates the class of functions called local fractional continuous
on the interval (o, B).
Local fractional derivative of high order is written in the form

mtimes
7\

™~

g7 () = D) D7) 0

and local fractional partial derivative of high order

m times
omog(ry o7 07 |
orme — 9ro 37'“g(7) ) (4)

2.2 Local fractional integral

Definition 2 The local fractional integral of g(T) of order o on the interval
la, ] is defined as ([18],[19])

B
AS90) = g [ e
1 N-1

= ——— lim Y f(r)(Ar), (5)
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where ATj =Tjp —Tj, withy=a <7 <--- <7y =f.

2.3 Some important results

Definition 3 In fractal space, the Mittage Leffler function, sine function and
cosine function are defined as ([18],[19))

+oo mo
T
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The properties of local fractional derivative and integral of special functions
are given by ([18],[19])

d° Tmo 7_(mf 1)o

G T+ mo) T+ m=T1)o)’ )

7o Bo(17) = Eo(17), (10)
y sing (77) = cos, (77), (11)
o
d° )
y €08, (77) = — sin, (77), (12)
rad
mo (m+1)o
Y (Gep— = (13)

3 Local fractional homotopy analysis method

This method [23] serves for solving the nonlinear local fractional partial differ-

ential equation:
N w(s,7)] =0, (14)

where N is the nonlinear operator, s and 7 denote the independent vari-
ables, and w(s¢, 7) denotes the local fractional unknown function. Using the
same procedures described in the traditional homotopy analysis method [8],
Maitama and Zhao [23] construct the so-called zero-order deformation equa-
tion:

(1 = p)L[@(3¢, 75 p) — wolse, )] = phH (3, T)N[p(5, 7; )], (15)

where p € [0,1] is the embedding parameter, h # 0 is the non-zero auxiliary
parameter, H (s, 7) # 0 is an auxiliary function, wg(s¢, 7) is an initial guess of
w(s¢,7) and ¢(3¢, T;p) is an unknown function and L, = 687—0{, is the linear local
fractional operator with the property:

L, [¢(32,7)] =0, when ¢(s,7) = 0. (16)
For p=0and p = 1, Eq.(15) reduces to:

(52, 7;0) = wo(se,7) and P(s¢, ;1) = w(se,7), (17)



Local Fractional Homotopy Analysis Method for Solving 51

respectively. Thus as p increases from 0 to 1, the solution ¢(s¢, 7; p) varies from
the initial guess wy(s¢,7) to the solution w(s¢, 7). Using the local fractional
Taylor series with respect to p, the function ¢(z, ¢; p) may be written as [18, 19]:

“+o0o
606, 7p) = wo(34,7) + 3 w36, 7)™, (18)
m=1
where o )
1 0™p(se,T;p
wm(%, 7') = {%T}pzo. (19)

With appropriate choices of the auxiliary linear operator, the initial guess,
the auxiliary parameter h and the auxiliary function, the series (18) converges
at p = 1, and turns into:

w(s,T) = wo(s,7) + Z Wiy (52, T), (20)

m=1

which must be one of the solutions of the original nonlinear equation, as proven
by Liao [9]. Define the vectors:

W, = {wo(se, 7), w1 (56,7), ..., wn(5e, 7)) (21)

Differentiating the zeroth-order deformation Eq.(15) m-times with respect
to p and dividing by m!, and then setting p = 0 gives the following mth-order
deformation equation:

Lol (56,7) = Xontos (52, 7)] = RH (52,7) R (B 56,7, (22)
where
Ron (W, 36, 7) = [(mil)!amlgﬂ_}i’ﬂm N (23)
and
wo{ 1 msy 20

Applying the local fractional integral operator on both sides of Eq.(22), the
result is:

ko

m—1
k T
wm(%v T) = mem—l(%u T) — Xm E IU£n),1(%, 0+>F(k0’+ 1)
k=0

+hgféa) [H (5,7) %m(;)m, », 7). (25)
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It’s easy to get the series solutions of w,,(s,7) for m > 1 at mth-order
deformation equation as follows:

“+o00

w(s,T) = Z Wiy (52, T). (26)

m=0

For the convergence of the serie (26) you can see [23].

4 Applications

In this section we will apply the method described above which is attributed
to Maitama and Zhao [23] to solve the following system when the derivatives
operators are taken in the local fractional sense.

We consider the following nonlinear coupled Burger’s equations with local
fractional derivative:

. L 0<o<], 27
T\ — 1) — 21T +(XT)) = 0 7 27)

~—

{ X7 - X% _ox x4 (X)) =0

with the initial conditions:

X (2,0) = sin,(57), T(s,0) = siny (3¢7). (28)

Based on Eq.(27) and Eq.(28) and the procedure of the LFHAM, it is
natural to choose Xg(s,7) = sin,(7) and Ty(s,7) = sing(?) to be the
initial guess.

We choose the linear operators as:

Ly [¢(5,750)] = 0¥ (52,73 p),
{ L[5, 73 p)] = 47 (52,75 p), 2

with the property L,[C] = 0, where C' is an integral constant.
We define the nonlinear operators as follows:

N[p(z,t,p)] = ¢\ (52, 75p) — 652 (52, 75) — 20,7 :p)6Y) (54,73 p)
+ (e, 7 ) (52, 73 0))

N[ (@, t,p)] = 07 e, 7ip) — 22 (52, 75p) — 200 (52, 75 )Y (32, 75 p)
+ (002,73 p)Y (52,73 p)) )

(30)
We construct the zero-order deformation equations:
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{ (1 - p)L[¢(%, T;p) - XO(”? T)] - th(%v T)N[¢(%7 T;p)], (31)
(1= p)L[Y (5, 75p) — To(3¢,7)] = phH (3¢, T) N[t (52, 7 p)].

Obviously, when p =0 and p = 1, we get:

¢(5¢,7;0) = Xo(5¢,7), o5, 751) = X (3¢, 7),
{ 6o 0) = Toer), M WG ) =TGar). 3P
Then the mth-order deformation equations are defined as follows:
Lo [Xon (56, 7) — XomXom1 (52, 7)] = BH (52,7) Ron( X 1, 52, 7), 33)
LolTon(56,7) = XonTon1 (36, 7)] = hH (32,7) Ron( T, 52, 7),
where
Ron (X 1,56,7) = (X 1) = (X )% = 2X,0 4 (X 1)
+ (Xm—le—l)(U) )
* 34
§Rm(?mfl: ”, T) = (Tmfl)s-a) - (Tmfl)f::) - ZTmfl(Tmflﬁg) ( )
+ (mele71>§j) 5
and
0, m<1,
Xm_{ 1, m>1. (35)

Setting H (s, 7) = 1 and applying the local fractional integral on the m!"-
order deformation Equs.(33), we get:

X = Otm + h) [ X1 = (1= xm) X (56, 0)]

m—1 m
—hofgo) |:<Xm1)(20) +2 Z Xi(melfz)gj) - > (XiTmli)(%U):| )

nx

1=0 1=0 36
Ton = (o + 1) [Tos — (1= x) T35, 0)] (36)
m—1 m—1
—hol” {(Tm_of;) +2 3 Ti(Tn1 ) = 3 (X)) )]
1=0 1=0

Based to the (35) and (36), we obtain the first formulas of the three terms
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as follows:
Xi(36,7) = —ho I | (X0) 20 + Ag(X,T)]
Ti(oe,7) = —ho {7 | (1)) + Bo(X.T) ]
Xo(5,7) = (L+ W)X = holl” | ()3 + A(X,T)] |
Ty(se,7) = (1 + W)Ty — hoI” |(T: () G2 4 By( T)] (37)
Xy(oe,7) = (L W) Xs = ho[1” [(X2)30) + A3(X,T)]
Ty(oe,7) = (14 DT — hoI (1)) + By(X,T)
where

Ag(X,T) = 2Xo(X0)¥ — (XoT; >< i
By(X,T) = 2Ty(Ty)¥ — (XoTp))
AX,T) =2 (XO(Xl)( XX, ;”) XOT1 + X\ T,
Bi(X,T) =2 <T0(T1) +TU(T) D) — (XoT1 + X1Tp)
As(X,T) =2 [XO(XQ)(”) XX )("> + XQ(XO)SS)] (XoTo + XiTh + XoTp)®

» )

Bo(X,T) =2 [TO(TQ)("> FTUT)D 4 To(Th)S )} (XoTo + XiTh + XoTp)®)

(38)

and so on. According to the initial guess presented above and the formulas

(37) and (38), the first terms of local fractional homotopy analysis method of
the system (27), are given by:

{ Xo(22,7) = sin, (27),
To(s,7) = sing (57),

{ Xi(5,7) = hsing (37) sy,

~

Ti(5,7) = hsing(»7) il

I'(140)
X (3, 7) = sing (3°) [(h+ %) iy + s |
Ty (52, 7) = sing (2 )[(h+h2) A li‘;g)],
Ts(5¢,7) = sing (5¢7) |h (1 + h)’ F(H +2<h2+h3> 1i“;)+h3r<fi;> ,

30

T3(5,7) = sing(»7) |h (1 + h) r(1+ + 2 (h2 + hg) 1+2 ) + h3 1+30) )

(39)

and so on. The other components of the LFHAM can be determined in a

similar way. Finally, the approximate coupled solution (X,7’) of the system
(27) in a series form, is given by:
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L+h(3+3h+h?) g T +h2(3+2h)

X (3¢, 7) = sing (»7) 1;; T(fo) 1+2") ,
+h3 1+3cr) +-
L+ h(3+3h+1?) w3 +h23+2h—
T (5, 7) = sin, (%) ( 3 el ( ) i)
th MiTa) T (40)
Substiting h = —1 in (39), we obtain:
. o P T20‘ TBU
X(oe,7) = sing(%7) |1 — F(l—i—a) + Fareey T Taess T (41)
T(5,7) =sin, (%) |1 — i i

(1+0’) + F(1—|—2cr) o (1+3cr) + -

And in the closed form, the coupled solution (X,T') of the system (27), is
given by:

T(5,7) = sing (»7)E,(—77). (42)

Note that, in the case o = 1, we obtain the same solution obtained in [21] by
homotopy perturbation method, and in [22] by natural decomposition method.

{ X (56,7) = sing () E, (~77),

5 Conclusion

The application of the local fractional homotopy analysis method (LFHAM)
for solving the coupled nonlinear system of Burger’s equations within local
fractional derivative, gave us a powerful and efficient algorithm that enabled
us to solve this proposed system with local fractional derivative. This algo-
rithm provides the solution in a series form that converges rapidly to the exact
solution, as shown by the results obtained through to the example suggested
in this paper. Therefore, it can be said that this method (LFHAM) can be
applied to solve other nonlinear systems with local fractional derivative.

6 Open problem

In this paper, we useed the LFHAM to resolve the coupled nonlinear system of
local fractional Burgers equations. The open problem here , we can that this
method (LFHAM) can be applied to solve other nonlinear systems with local
fractional derivative. We can also combine this method and the new integral
transform, namely, Shehu transform ([23],[24],[25]), which generalize both the
Sumudu and Laplace integral transforms.
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