Int. J. Open Problems Compt. Math., Vol. 13, No. 3, September 2020
ISSN 1998-6262; Copyright ©ICSRS Publication, 2020
WWW. 4-CSTS. 0Tq

Multiple Positive Solutions for Second Order
Three Points Boundary Value problems in Cone
Wesen Legessa Tekatel' and Girma Kebede Yeneblih?

L2Department of Mathematics, College of Natural Science, Jimma University, Jimma,
P.O.Box 378 Ethiopia
e-mail:'wesen08@gmail.com
e-mail:?girmak686@gmail.com.
Received 30 July 2020; Accepted 21 August 2020

(Communicated by Li Yin)

Abstract

In this paper, the authors consider the following nonlinear
differential equation

() + K2u(t) = f(tu(t), teo,1]
with three point boundary conditions,
u(0) =0, u(l) = au(n)

where k > 0,0 <n < l,a € R f:[0,1] xRt - R*. By means
of Avery-Henderson fixed point theorem and Avery-Peterson
fixed point theorem, the authors establish existence of two and
three positive solutions. Examples are also given to illustrate
the main results.
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1 Introduction

Multi-point boundary value problems (MPBVP’s) for ordinary differential
equations arise in different area of applied mathematics problems[16]. Bound-
ary value problems(BVPs) with multi-point boundary conditions appear in
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the mathematical modelling of visco-elastic and inelastic flows deformation
of beams and plate deflection theory [5]. The study of MPBVP initiated by
the work of II'in and Moiseev [7, 8]. Then after by applying different fixed
point theorems several authors studied the existence and multiplicity of pos-
itive solutions for nonlinear second order three point BVPs, for example, in
1992, Gupta [4] obtained the existence and uniqueness theorem for three-point
BVPs.

Further, Thompson and Tisdell in 2001[21], Lian and Ge in 2006[11], Nieto
in 2013[18], Nadezhda in 2016[17], studied on existence of solutions for sec-
ond order differential equation with three-point boundary conditions. While,
Wei,et al. in 2019[22], by using fixed point theorem studied existence of positive
solution for three point BVPs. For method and applications of fixed point theo-
rem on three point boundary value problems we refer [1, 6, 9, 10, 13, 14, 15, 19].

Here we consider the following nonlinear ordinary differential equation of
second order

—u"(t) + K*u(t) = f(t,ut)), 0<t<1, wu€]l0,00), (1)
subject to three point boundary conditions

u(0) =0, u(l) = au(n) (2)

where £ > 0,0 < n < L,a € R, f:[0,1] x Rt — R*. Most of the re-
search on existence of positive solutions for three point boundary value prob-
lems(TPBVP) on the literature focused for k£ = 0. Besides that Sveikate, N.
in 2016 [17], established the existence of solution for three-point BVPs of the
form

u’(t) + kK*u(t) + Mg f(t,u(t)) =0, te(0,1),
2(0) =0, (1) = ax(n)

where £ > 0,0 < n < 1, € R+, by using Quasilinearization process. Liu,
et al. in 2014 [12], studied the existence, multiplicity, and nonexistence of
positive solutions for the following boundary value problem

() + Kx(t) = f(t,x(t), 0<t<1,

w(0) =0, u(l)=du(n)

by fixed point index theory. Inspired by the above work we study the TP-

BVP (1)—(2). By applying Avery-Henderson and Avery-Peterson fixed point

theorem the existence of two and three positive solutions can be established.
We assume the following through out this paper

H1. f e C([0,1] x [0, 00), [0, 0)),
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H2. a < %},k € (0, 00)

The remaining part of this paper arranged as: In section 2, Green’s func-
tions, bounds of Green’s functions and some preliminaries are presented. In
section 3, by putting certain conditions on f existence of two positive solutions
and three positve solutions established by using Avery-Henderson fixed point
theorem and Avery-Peterson fixed point theorems. Finally, in section 4, we
put open problem for future work.

2 Preliminaries

In this section, we construct Green’s function for the corresponding homoge-
neous boundary value problem(BVP) (1)-(2).

Lemma 2.1. The BVP

—u"(t) + k*u(t) = f(t,u(t)) (3)

where
sinhktsinhk(1-s) ) 1« o<1
H(ts) :{ sinhkSSRAR(=) 0 = o < ;< (6)
—amr > 0Ss<t<1

Proof. We proof the Lemma by the help of properties of Green’s function. Let
up = cosh kt and us = sinh kt are the two linearly independent solutions of

—u”(t) + k*u(t) = 0. (7)

Green’s function for homogeneous boundary value problem (7) can be defined

aS | cosh(kt)A\i(s) + sinh(kt)Ao(s), 0<t<s<1,
Ht.s5) = { cosh(kt)jis (s) + sinh(kt)jia(s), 0<s<t<1. (8)

where the functions, A;(s), A2(s), 11(s), and ua(s) to be determined. From the
continuity and jump discontinuity of the Green function at s = ¢, we obtain



17 L.T. Wesen and K.G. Yeneblih

p1(s) = Ai(s) + 22 and po(s) = Aa(s) — <. Putting these values in place

of p1(s) and ps(s) in 8 we get
cosh(kt)A1(s) + sinh(kt)Xa(s), 0<t<s<1,

H(t,s) = sinh(ks)

cosh(kt)\1(s) + sinh(kt)Aa(s) + cosh(kt) .

—Sinh(kzt)%k(ks), 0<s<t<l.

Finally, H(t, s) satisfies the boundary conditions with respect to ¢t. Hence, A\
and A\s uniquely expressed as,

)\1(8) =0

and b k(1 — )
sin -5
A = ——"

(%) = sk
Consequently, substituting the value of A;(s), A2(s), p1(s), and pa(s) on (8) we
can get the Green function H (¢, s) for the boundary value problem as described
in the Lemma.

]
Lemma 2.2. H(t,s) has the following properties:
(i) H(t,s) < H(s,s), for all t,s € [0,1];

(i) H(t,s) > NH(s,s), for all t € [6,1 —6],s € [0,1], N = =thkd 5 ¢
(0,1/2).
Proof. We refer for the proof [20]. O

Lemma 2.3. Assume H2 holds. Then the Green function for the correspond-
ing homogeneous second order TPBVPs (1)-(2) is given by

acsinh kt
H 9
sinh £ — arsinh k(n) (:9) ©)

G(t,s) = H(t,s) +

Proof. The three point boundary value problem (1),(2) can be obtained re-
placing u(1) = 0 by u(1) = au(n) in (4), thus we suppose the solution of the
three-point boundary value problem (1), (2) can be

u(t) = w(t) + By sinh kt + By sinh k(1 — ¢t) (10)

where By and B are constants that will be determined. From (5), (10),
we know that

u(0) = w(0) + By sinh k(0) + By sinh k(1 — 0)
u(1l) = w(l) + Bysinh k(1) + By sinh k(1 — 1)
u(n) = w(n) + By sinh k(n) + By sinh k(1 — n)
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= < u(l) =0+ Bysinh k(1) + By sinh £(0)
uw(n) = w(n) + Bysinh k(n) + By sinh k(1 — )
= By, =0
u(1) = au(n) we have By sinh k = a(w(n) + By sinh k(7))
aw(n)
= . 11
sinh k£ — arsinh k() (11)

Consequently, u(t) is uniquely expressed as

u(t) = w(t) + By sinh kt + By sinh k(1 — t)

:/01 H(t,s)f (s, u(s))ds + / H(n,s)f(s,u(s))ds

o sinh kt
sinh k — a:sinh k(n

) = [ 1)+ o k“flzzi’;;k(mmms>]f<s,u<s>>ds (12)

Hence, the Lemma follows. n
Lemma 2.4. Green’s function G(t, s) satisfies the following inequalities;
i. G(t,s) >0,Vt,s€|0,1];
ii. G(t,s) < DH(s,s),Vt,s €[0,1],
iii. G(t,s) > MH(s,s),Vt € [6,1—6],s€]0,1]

where
«.sinh &

D=1
+ sinh & — arsinh k7

_ sinh £ 14 a. sinh ko ]
~ sinhk sinh k — acsinh kn™
Proof. (i) It is obvious that G(t, s) is a nonnegative since H(t,s) > 0 and
sinh £ — asinhkn >0

(13)

(ii) consider the following cases

Case (i) ift<s,n<s
« sinh kt
H
sinh k — sinh kn (n,5)
inh
' « sin ‘k‘s H(s,s)
sinh k — sinh kn (14)
asinh k

G(t,s) = H(t,s) +

< H(s,s) +

<
< H(s, )1+ sinh k — asinh kn

< DyH(s,s)
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Case(ii) Ift<s<n

acsinh kt
sinh k£ — sinh kn
< H(s,s)+ o sinh b H(s,s)
- ’ sinhk — asinhkn
asinh k

G(t,s) = H(t,s) + H(n,s)

< H(s,s)[1+

sinh k — a:sinh kn]

< DyH(s, ).

Case(iii) ifs<t,s<n

acsinh kt
sinh k — sinh kn
acsinh kn

G(t,s) = H(t,s) + H(n,s)

H(s,s)

<H
< Hs,s) + sinh k — asinh kn

asinh k

]

<
< His sl + sinh k& — acsinh kn

< D3H(87 S)

Case(iv) ifn<s<t<1

asinh kt
sinh & — sinh kn
a sinh k

G(t,s) = H(t,s) + H(n,s)

< H(s,s)+ H(s,s)

sinh k — a:sinh kn

inh k
< His,s)[1 + — 1 ]

sinh £ — a:sinh kn
< DyH (s, s)

Therefore, G(t,s) < DH(s,s),where D = Dy = Dy = D3 = D,

(ili) To prove (iii) we consider the following cases:

(15)

(16)

(17)
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Case(i) Ifs<t,s<n

asinh kt
sinh £ — asinh kn
asinh kt
sinh k — a'sinh an(n’ 2
asinh k6 ] (18)
sinh k& — a:sinh kn
sinh k¢ m asinh ko ]
sinh k sinh k — assinh kn
> MyH (s, s).

G(t,s) = H(t,s) + H(n,s)

> NH(s,s)+

> NH(s,s)[1+

> H(s,s)

Case(ii) Ift<s,n<s

asinh kt
sinh k — acsinh kn
asinh kn

G(t,s) = H(t,s) +

H(n,s)

> NH H
- (5,8) + sinh k — asinh kn (1:5)

asinh ko ] (19)
sinh k& — a:sinh kn
sinh ko asinh ko
>
= H(s,s) sinh k 1+ sinh & — a:sinh kn]
> MyH(s, s).

> NH(s,s)[1+

Case(iii) Ift<s<np

asinh kt
sinh k& — a:sinh kn
acsinh kt
sinh & — a:sinh kn
a sinh ko ] (20)
sinh k — a:sinh kn
sinh ko asinh k6
sinh &k * sinh £ — acsinh k’n]
> M3H (s, s).

G(t,s) = H(t,s) + H(n,s)

> NH(s,s)+ NH(s,s)

> NH(s,s)[1+

> H(s,s)
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Case(iv) Ifn<s<t<l1

asinh kt
sinh k£ — a:sinh kn
acsinh kt
sinh £ — a:sinh kn
a sinh ké ] (21)
sinh & — a:sinh kn
sinh k¢ asinh ko
sinh k * sinh k — arsinh k’n]
> MyH (s, s).

Therefore, G(t,s) > MH(s,s), where M = M, = My = My = M,

G(t,s) = H(t,s) + H(n,s)

> NH(s,s)+ NH(s,s)

> NH(s,s)[1+

> H(s,s)

]

3 Main results

In this section we provide our main result in two subsections.

3.1 Two Positive Solutions

In this subsection, we establish the existence of at least two positive solutions
for the boundary value problem (1),(2) by applying Avery-Henderson fixed
point theorem in cones.

Let v be a nonnegative continuous functional on a cone P of the real
Banach space E. For a positive real number ¢, we define the set P(¢,c¢) =
{u € P :¢(u) < c}. In obtaining two positive solutions of the TPBVPs (1),
(2) the following Avery-Henderson functional fixed point theorem will be the
fundamental tool.

Theorem 3.1. [2/ Let P be cone in the real Banach space E. Suppose ~y and 1
are increasing,nonnegative continuous functionals on P and 6 is nonnegative
continuous functional on P with 0(0) = 0 such that, for some positive numbers
c and M,

Y(u) < 0(u) < (u) and [[u]| < Mry(u)

for all w € P(v,c). Suppose that there exist positive numbers a and b with
a < b < c such that 0(Au) < N0(u), for 0 < XA <1 and u € OP(0,b). Further,
T : P(vy,c) = P be a completely continuous operator such that

(B1) v(Tu) > ¢, for all uw € OP(v,c),

(B1) 6(Tw) < b, for all u € OP(0,b),
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(B1) ¥(Tu) > a and P(¢,a) # 0 for all u € P (1), a).

Then T has at least two fixed points uy,uq, € P(,c), such that a < 1p(uy) with
Y(uy) < b and b < 0(uz) with y(uz) < c .

Let the Banach space £ = {u : u € C[0,1]} be equipped with norm
|u]| = maxyepo,1 [u(t)|, and let

P={u€ E;u(t)>0and min u(t) > wl|ull} (22)

0<t<1-0

where w = %, then P is a nonempty closed subset of E. Define an operator
T:P— FE as

(Tu)(t):/O G(t,s)f(s,u(s))ds (23)

where G(t, s) is as defined in (9). For the notational convenience, we denote
R.S.L,Lby
1 1

R=———"—>0, S=—"—>0 (24)

fol H(s, s)ds fol wH(s, s)ds

1-5 1
L= ./\/l/ H(s,s)ds and L = D/ H (s, s)ds. (25)
5 0

By applying fixed point theorem on 7" and setting suitable conditions on f we
determine the existence of at least two fixed points in a cone P.

Lemma 3.2. Let H, and Hy hold then the operator T : P — P 1is completely
continuous.

Proof. First we prove the following

1. The operator T is self map on P. Now (1)-(2) has a solution u = u(t) if
and only if u is the fixed point of the operator 7" defined in equation 23.

Now G(t,s) is the Green’s function for the boundary value problem, by
Lemma 2.4 we have G(t,s) < DH(s,s), for all t,s €][0,1] and Tu € E, for
each u € P. We have

Tu(t):/o G(t,s)f(s,u(s))ds§/0 DH(s,s)f(s,u(s))ds  (26)

and we have Tu(t) < fol DH (s, s)f(s,u(s))ds which implies that

1T < / DH (s, 5)f (s, u(s))ds



23

L.T. Wesen and K.G. Yeneblih

then,

min (7Tu)(t) = min /OG(t,s)f(s,u(s))ds

te[6,1-4] te(6,1-6]
> M /01 H(s,s)f(s,u(s))ds = % /01 DH (s,s)f(s,u(s))ds
M
2 T = w[[T ()]

TP C P. Therefor, T is a self map on P.

. The operator T' is uniformly bounded on P. Let u € P, in view of the

positivity and continuity of G(t,s), H(t,s) and f, we have T': P — P is
continuous .

Let {ux} be a bounded sequence in P, say ||lug|| < M for all k since f is
continuous, there exist N > 0 such that —f(t, u(t))| < N for all u € [0, 00)
with 0 < u < M then for each ¢ € [0, 1] and for each k,

Ww@h#AGWQNWMM
S/IG(t,s)(N)ds
SN/lG(t,s)ds<oo

that is for each ¢ € [0,1] , uy is a bounded sequence of real numbers. By
choosing successive subsequences for each ¢, there exist a subsequence {uy}
which converges uniformly for ¢ € [0, 1]. Hence, T is uniformly bounded.

. The operator T is equicontinuous on P. To prove 1" is equicontinuous. Let

u € P, and € > 0 be given. By the continuity of G(t, s), for ¢ € [0, 1],
there exists 0 > 0 such that
|G (t2,5) — G(t1,5)| < % whenever [t; — t5| <0, for t; ,t; € [0, 1]

|1 Tu(ty) — Tu(ts)| = |/0 (G(t1,s) — G(ta,8))f(s,u(s))ds|
< /l Glts, 5) — Gk, 5)| Nds,

1

<N [ 161619 = Gtz s,
0

< €

Therefore, by a standard application of the Arzela-Ascoli theorem and the
result from 1,2 and 3, T" is completely continuous.
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O

Define the nonnegative, increasing, continuous functionals ~, 6, and ¥ on
the cone P by:- v(u) = mins<;<1—s5 u(t)
O(u) = maxs<i<1-su(t), Y(u) = maxo<i<1u(t) We observe that for any u € P,

() < 0(w) < V() @0
And
fufj < 1 < 00 20 29

Theorem 3.3. Let conditions (H1) and (H2) hold, there ezist real numbers
0 <a<b<csuch that f(t,u(t)) satisfies the following inequalities:

(A1) f(t,u(t)) > %,t € (0,1 —=9) andu € (c, %),
(A2) f(t,u(t)) < %,t € [0,1] and u € [0, f],
(A3) f(t,ut)) > % te (5,1 —6) and u € [a,2].

Then the three point BVP (1)-(2) has at least two positive solutions uy and us
such that a < ¥(uy) with Y(u1) < b and b < O(ug) with y(uz) < c .

Proof. Consider the operator T': P — E, where T as defined in (23). We seek
two fixed points of 7" in P. For each u € P, from (27), (28)

Y(u) < 0(u) < P(u)

and

¥(u)

< —.
< 22

For w € P, Tu € P by first part of Lemma 3.2. Also, for any 0 < \ <
1, 0(Au) = maxs<i<i—s(Au)(t) = Amaxs<i<isu(t) = A(u). It is clear that
0(0) = 0. We now show that the remaining conditions of Theorem 3.1, are
satisfied. First, we verify that condition(B1) of Theorem 3.1 is satisfied. Since

u € OP(v,c)

from (28) we have that ¢ = mins<;<i1_su(t) < ||ul| < £. Then

6<t<1-6

¥(Tu) = min /OG(t,s)f(s,u(s))ds
> /IMH(S,S)%CLS (29)

1
> cS/ wH (s, s)ds = ¢,
0
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using condition (A1) of Theorem 3.3.

Then, we shall show that condition (B2) of Theorem 3.1 is satisfied. Since
u € OP(6,b) from (28) we have that 0 < u(t) < ||u|| < £, for ¢ € [0,1]. Thus,

0(Tu) = max /OG(t,s)f(s,u(s))ds

§<t<1-6

< /0 DH (s,s)f(s,u(s))ds (30)

1 bR 1
< / DH(s,s)—ds = bR/ H(s,s)ds =b,
0 D 0

by condition(A2) of Theorem 3.3. Finally, using condition (A3) of 3.3, to
settle criteria (B3) of Theorem 3.1. Since 0 € P and a > 0,P(¢,a) # 0.
Since, u € OP(¢,a), a = mazo<<1u(t) < ||lu|| < &, for t € [0, 1]. Therefore,

(Tu) = max/o G(t,s)f(s,u(s))ds

> /0 MH (s,s)f(s,u(s))ds (31)

1 aS 1
> / H(s, s)M—ds = aS/ wH (s, s)ds = a.
0 D 0

Thus, all the conditions of Theorem 3.1 are satisfied. Therefore, the boundary
value problem (1.1),(1.2) has at least two positive solutions uy, uy in cone P.
Further, a < maxy,p,1u1 < b and b < maxefs,1—s u2 With mingeps ;s us <
c. O

Example 3.3.1. Consider the boundary value problem:

—u"(t) + %u(t) = f(t,u(t)), 0<t<1 (32)
u(0) = 0,u(l) = au(n) (33)
where
C (u+1)°
[t u(t) = TR

The Green function for the corresponding homogeneous BVP of (32)-(33) is
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the particular case of Equation (9) by taking « = 2 and n = 1/5.

( (sinh (1 — s) 4 2sinh (s — 1))(sinh 5¢) f<g< 1
3(sinh 3 — 2sinh %i) ’ -
(Sinh%(l —t) —I—QSinh%(t— =))(sinh %s) s<tg< ]
l(simhl - QSinhi) 7 B
G(t,s) = ¥ ’ "
’ sinh ¢ sinh (1 — s)
3 3 : t<s t<s,
%.(Sin}l%._ 21Sinh %) : 1 o: 1 . .
sinh gssinh (1 —t) + 2sinh 1 sinh (¢ — ) legotel
\ l(sinhl—QsinhTIE)) ’ T T

3 3

By algebraic calculation and setting § = % we obtain the following results, N =
0.140, D =4.2945, M =0.2047, w= % =0.0476, R=0.9384, S =
19.716. If a = 0.0001, b= 0.0361, and ¢ = 3.4846, then f(t,u(t)) satisfies

(i) f(t,u(t)) >16.0326 = < t € (3, 8) and u € (3.4846,73.2058),
(it) f(t,u(t)) <0.1658 = 2£ ¢ € [0,1] and u € [0,0.7592],
(iii) f(t,u(t)) >4.601 x 1074 =22 ¢ € (1,8) and u € [0.0001, 0.0022].

Then all conditions of Theorem 3.3 satisfied. So by Theorem 3.3 the three
points boundary value problem (32)-(33) has at least two positive solutions u,
and us such that

0.0001 < max u;(t) with max wuy(t) < 0.0361 and
0<t<1 0<t<1

0.0361 < max wus(t) with min wus(t) < 3.4846.
1/7<t<6/7 1/7<t<6/7

3.2 Three Positive Solutions

In this subsection by applying Avery-Peterson fixed point theorem (Theorem
3.4) we investigate the existence of at least three positive solutions for TPBVPs
(1), (2).

To make this work self explanatory we put the definition of the following
sets as:

P(y,d) = {€ P:~(u) < d}
P(a,v,b,d) = {u € P(y,d) : a(u) > b},
P(a,0,7,b,¢,d) = {u € P(y,d) : a(u) > b,0(u) < c},
Py, a,d) = {u € P(y,d) : (u) > a}.
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Theorem 3.4. [3] Let P be a cone in a real Banach space E. Let v and 0
be nonnegative continuous convex functional on P. Let o be a nonnegative
continuous concave functional on P, and let 1) be a nonnegative continuous
functional on P satisfying ¥(Ax) < Mp(z) for 0 < X < 1, such that for some
positive numbers M and d,

a(z) < ¢(z) and ||zl < My(x)

for x € P(vy,d). Suppose that T : P(~y,d) — (P(~,d) is completely continuous
operator and there exist positive numbers a,b and ¢ with a < b such that

Cl. {z € P(v,0,a,b,¢,d) : a(x) > b} # 0 and a(Tx) > b forz € P(a,b;0;¢;7,d)
C2. a(Tx) > b for x € P(a,b;v,d) with (Tx) > ¢
C3. 0¢ R(v,¢,a,d) and p(Tx) < a for x € R(7y,v,a,d) with ¢(x) =
Then T has at least three fived points x1,xq, x3 € P(7,d) such that v(x;) < d
fori=1,2,3;b < alzry);a < P(xy) with a(xs) < bja < ¥(x3) < a.

Let y(u) = [Jul| = maxo<i<i(u(t)), t € [0,1],0(u) = ¢(u) = maxo<i<t |u(t)]
a(u) = min,<;<y u(t), where v and 6 are non-negative convex functional, v is
a nonnegative functional « is a nonnegative concave functional on the cone P.

Now, we give the second result of this paper as follow.

Theorem 3.5. Let conditions (H1) and (H2) hold there exist positive numbers
a, b, d, with 0 < a < b < d, such that

AL f(tu(t) < 4t e(0,1],u e [0,d],
A2, f(tou(t)) > &t e [5,1 -0, ucb ],
A3 f(t,u(t)) < £,t€[0,1],u € [0,al.

Then boundary value problem (1)-(2) has at least three positive solution uy, us
and ug € P(v,d) satisfying v(u;) < d for i=1,2,3 and ming<;<1_sui(t) >
b, maxg<i<1 U(t) > a with ming<;<1—5 u2(t) < b and maxo<i<1 us(t) < a.

]
el

Proof. We prove to satisfies all the condition of theorem which lead as the
existence of at least three fixed points of T in a cone p.

Y(u) = Imax u(t)

Let u € P(v,d), then vy(u) < d.

¥(Tu) = max (Tu)(t) = max/ G(t,s)f(s,u(s))ds

0<t<1 0<t<1

<D/Hss ds< /Hss
<d
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Hence, Tu € P(~,d).

Then, T": P(v, ) P(~,d).
Assume, u(t) = O <t<1, au) = miﬂ5<t<175 u(t) = % > b,
= (u

t
O(u) = z = HlaX0<t< u(t) = Y(u),y(u) <
By definition of «

a(Tu) = 7min_ (Tu(t))

This show that condition (C1) of Theorem 3.4 satisfied. From the second
conditions of Theorem 3.5, f(t,u(t)) > 2,¢t € [6,1 —6,u € [b,2]. If u €
P(v,a,b,d) and §(Tw) > £, then

a(Tu) = min (Tu(t)) = min }/0 G(t,s)f(s,u(s))ds

§<t<1-§ te[5,1-6

> %/o DH (s,s)f(t,u(s))ds

> w max Tu(t) = wd(Tu) > wb

- o0<t<i w
> b

since 0(Tu) > g = c. This show that C'2 of Theorem 3.4 satisfied. To verify
C3 of Theorem 3.4. Obviously (0) =0 < a, so 0 ¢ R(v,v,a,d).
Suppose that u € R(7, 1, a,d) with ¥)(u) = a, then 0 < u(t) < a,t € [0, 1].
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By (A3) we get
¥(Tu) = max Tu(t)

0<t<1

_ max]| / G(t, 5) (s, u(s))ds]

0<tL1

< D/ H(s,s)f(s,u(s))ds

<D/Hss

Condition C3 of Theorem 3.4 also fulfilled. By Theorem 3.4, T' has at least
three fixed points uq, us, u3 such that mins<i<i_su; > b, maxp<;<1 u2 > a,
min5§t§1_5 Uy < b, maXp<i<y Ug < a. ]

Next we provide example to illustrate our main result

Example 3.5.1.

—u"(t) +u(t) = f(t,u(t),0<t <1,
1 (34)

u(0) = 0.1(1) = 3u().

where k = 1,0423,77:%
u?t,t €[0,1],u € [0,1],
ft,u(t) =< vt + (u—1),t€[5,1—4],uc[1,1100],
1.21 x 10% + 1099, ¢ € [0, 1], u € [1100, o0).

By the help of Equation (9) Green’s function for the corresponding homoge-
neous BVP of (34) is

( (sinh(1 — s) + 3sinh(s — £))(sinh ) P gl
(sinh 1 — 3sinh(1 )) ’ ==
(sinh(1 — ¢) + 3sinh(¢ — 1))(sinh s) <l
Gt s) = (sinh 1 — SSmh(%)) ’ T=bhisT
U sinh ¢sinh(1 — s) fes 1oy

(sinh 1 — 3sinh(1))’ -7
sinh ssinh(1 —¢) + 3sinh sinh(t —s)

L sin sinh(z))

From Equation (13) and (25) by direct calculation we get
L = 0.8969 L=0.0461 M =0433, D =5.731

f s continuous and increasing on [0,00|. If we choose a = 1,b =83 and d =
1100, then all the conditions of Theorem 3.5 are satisfied. Hence by Theorem
3.5, the boundary value problem (34) has at least three positive solutions.
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4 Open Problem

In this paper we only considered the second order differential equation
—u"(t) + K*u(t) = f(t,u(t)), 0<t<1
subject to the three point boundary conditions
uw(0) =0, u(l)=oau(n) 0<n<l.

As an open problem we said, ”Can the method used for the case k? is replaced
by the continuous function p(t) subject to the integral boundary conditions.”
Hence the problem become

—d"() + p(t)u(t) = ftu(),  0<t<1

subject to integral boundary conditions
ACKNOWLEDGEMENTS. The authors thank the referees for their
valuable comments and suggestions.
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