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Abstract

A topological index of a graph is a single unique number
characteristic of the graph and is mathematically invariant
under graph automorphism. In 2016, SK indices of a graph
are defined by Shegehalli and Kanabur. In this paper SK in-
dices of vertex I'-join and edge F'-join operations for different
graph operations related to join of graphs are scrutinized.
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1 Introduction

A systematic study of topological indices is one of the most striking aspects
with its applications in many branches of mathematics and various other fields
of science and technology. A topological index is a mathematical formula
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giving a numeric quantity for the graph usually corresponding to a molecule
saving us from money and time consuming laboratory experiments. Usage
of topological indices in chemistry began in 1947 when H. Wiener developed
probably the most widely known topological descriptor namely the Wiener
index and used it to determine physical properties of isomers of alkanes also
known as paraffins [7].

For a given graph H = (V, E) where V is the vertex set and E is the edge
set of H. The degree d(x) of = is the number of edges of H incident to z.
The minimum and maximum degrees of a graph are denoted by dy and Ay
respectively.

In 1972, Gutman and Trinajstic [3, 4], defined the Zagreb indices by

Mi(H)= ) du() +duly),

and

In [12], Shegehalli and Kanabur introduced two new degree based topolog-
ical indices (SK indices) as follows:

SK(H) = Z dH(x);dH(y)‘

zyeE(H)
dy(x) x d
SK\(H) = Z H( )2 H(y)
ryeE(H)

Note that, as usual, P, denotes a path with n vertices and (n — 1) edges
whereas C,, (n > 3) denotes a cycle with n vertices. Throughout this paper,
we consider simple and connected graphs.

The forthcoming section contains the preliminaries which are essential to
prove our results. The main section contains the SK indices of vertex F-
join and edge F-join of graphs related to different operations of graphs where
F={S R,Q, T} are studied.

2 Preliminaries

Let Hy = (V(Hy), E(H,)) and Hy = (V(Ha), E(H2)) be two connected graphs
such that the cardinalities for the vertex and edge sets of H; and H, are
ni, Mg, M1, Mo, respectively. In graph theory, graph operations and derived
graphs play a significant role. They help us to obtain some information on a
graph and relationship made for some other graphs.
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Definition 2.1. In [13], G. H. Shirdel et al., defined join Hy V Hy of two
graphs Hy and Hy with disjoint vertex sets V(Hy) and V (Hs) is the graph on
the vertex set V(Hy) UV (Hs) and the edge set
E(Hy) UE(Hy) U{xy | x € V(Hy),y € V(Hs)}. The vertices of join graph of
Hy,V Hy are having the degree as follows:

A, Vg, (v) = {dHl(x) " ng,z:fx € V().
dH2 (l’) + n1,2f33 < V(H2>

Some of the definitions such as subdivision S(H ), semi total point R(H),
semi total line Q(H) and total T'(H) are found in [1, 10].

Let F' = {S,R,Q,T}. Let I(H) denote the set of vertices of F'(H) which
are inserted into each edge of H, so that V(F(H)) = V(H)U I(H). Here we
define vertex F'-join and edge F-join of graph operations based on the join of
two connected graphs H; and H,, as follows:

Vertex F-join of Graphs: [11] Let H; and H; be two simple graph the
vertex F-join graph of H; and H, is denoted by H;VgH, and the graph is
obtained from F'(H;) and H, by joining each vertex of H; to all vertex of Hs.
The vertex and edge set of HVrHy is V(F(H;))UV (H,) and E(Hy)UE(Hy)U
[zy - x € V(Hy),y € V(Hs)].

Edge F-join of Graphs: [11] Let H; and Hy be two simple graph the
edge F-join graph of H; and H, is denoted by H,VpH, and the graph is
obtained from F'(H;) and H, by joining each vertex of [(H;) with all ver-
tex of Hy. The vertex and edge set of H\VpHs is V(F(H;)) U V(H;) and
E(H)UE(Hy)U[zy :x € I(Hy),y € V(H,).

Inspired by the work of Prosanta Sarkar et al. [11], in this work we will
study the SK-indices of vertex F-join and edge F-join of graphs related to
different operations of graphs where F' = {S, R, Q,T'}.

3 Main Results

In the following sub section first we consider SK and SK;j-indices of vertex
F-join of graphs respectively for different values of F' as S, R, ), T respectively.
First we start with vertex S-join of graph.

3.1 Vertex F'-join of graphs

In this sub section we derived closed formula of SK-indices for vertex join of
graphs and using these formula we obtained S K-indices of some special graphs.
The figure of vertex S-join and vertex R-join of P; and C} are given in Fig 1.
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Vertex S join of graph:[11] Let H; and Hs be two simple graph the
vertex S-join graph of H; and H, is denoted by H;VgH, and the graph is
obtained from S(H;) and H, by joining each vertex of V(H;) to all vertex of
H,.

The vertices of vertex S-join graphs are having the degree as follows:

dHl (.T) + Nno, fo € V(Hl)
dyvoHo(z) = ¢ dp, () +ny,  ifz € V(Hy) (1)
2, Zfl' S ](Hl)

Theorem 3.1. Let Hy and Hs be two connected graphs. Then, the lower
and upper bounds for the SK(H,VsHs) is given by

. 1
SK(H\VHy) > §[n1n2(5H1 + 0m, + 11+ n2)| +mi (O, + ng + 2) + ma(dn, + n1).

. 1
SK(HVsHjy) < §[n1n2(AH1 + Ap, +ny +no)] + mi(Ag, +ne +2) + mao(Apy, +nq).
Proof. By using equation(1) in definition of SK index, we have

dir,0,1) (@) + A9, 1) (Y)
2

SK(H\V.Hy) = >
:UyEE(Hlvsﬂg)
_ om, (2 + dH12(y) + ng) i (dHl(x) + Ny —;— du,(y) + nl)

+m2(dH2($) +m ;rdH2(y) +”1).

Since, for a graph H, for all x € V(H), dy(z) > 0y and dy(z) < Apy.
Therefore, using these facts, we have

) 1
SK(H\VsHy) > §[n1n2(5H1 +0p, + 1+ n2)| + mi(0g, + 12+ 2) +mae(dp, +n1).

. 1
SK(Hl\/SHQ) S E[nlng(AHl + AHQ + nq + ng)} + ml(AHl + N9 + 2) + mg(AH2 + nl).

]

Note: Throughout this paper, equality holds only if both H; and H, are
regular graphs.
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P3\./SCS Pg\./RCg

Figure 1: The example of P;VgC5 and P3VzCs graphs
Example 3.2. using theorem 3.1, we get

) 1
()SK (B VsPay) 2 Slmana(2 + nu+na)] +ma(3 +ng) +ma(l +na).

SK(PpyVsP,) < %[mnz(él + 1y +n9)] +ma(4 4+ ng) +ma(2 +ny).
(11)SK(P,,VsCh,) > %[nlng(?) + 1y 4+ n2)] + mi(3 + ng) + me(2 + ny).
SK(P,,VCy,) < %[nlng(él +ny 4+ ng)] +mi(4 + ng) + ma(2 4+ nq).
(i11)SK (Co Vo Py,) > %[nlng(él 11+ 19)] (4 n2) + ma(2 + 1),
SK(Cy V/\Py,) < %[nm(:a 11 4 19)] (4 + n2) + ma(1 + 1),

. 1
(iv)SK(Cp,VsChy) = §[n1n2(4 +ny1 4+ ng)| + my(4+ n2) + ma(2 4+ ny).

Theorem 3.3. Let Hy and H, be two connected graphs. Then, the lower
and upper bounds for the SK{(H Vs H>) is given by

. 1
SKl(Hl\/ng) Z 5{4m1(5H1 + ng) + ((SH2 + nl)[n1n2(5H1 + N9 + mg)(5H2 + nl)]}

. 1
SKi(HV:Hy) < 5{4m1(AH1 +n2) + (A, + n1)[nine(Ap, + ny +ma)(Ag, +n1)l}.

Proof. By using equation(1) in definition of SK; index, we obtain the required
result 0

Vertex R join of graph:[11] Let H; and H, be two simple graph the
vertex R-join graph of H; and H, is denoted by H;VrH, and the graph is
obtained from R(H;) and Hs by joining each vertex of V(H;) to all vertex of
H,.
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The vertices of R-join graphs are having the degree as follows:

QdH1 (SL’) + na, Zf&? c V(Hl)
dpv o He(x) = < dp,(z) + ny, ifx € V(Hy) (2)
27 Zfl’ € I(Hl)

Theorem 3.4. Let Hy and Hs be two connected graphs. Then, the lower
and upper bounds for the SK(HVrHs) is given by

. 1
SK(Hl\/RHQ) Z 5[711’”2(25}[1 + (SH2 + n1 + 7’L2) + 2m2(5H2 + nl) + 4m1(25H1 + %) + 1)]
. 1
SK(H,VrH,) < 5[”1”2(2AH1 + A, + 11+ n2) + 2ma(Ap, +n1) +4mi (285, +ne + 1))

Proof. By using equation(2) in definition of SK index, we have

‘ Ay + d,s
SK(H\VrH,) = Z (195 () + Ao, vm) (9)

2
zy€E(H1VRrH3)

_ 2m1<2 +dg, (y) + n2> +m1(2dH1(x) +no + 2dg, (y) + n2>

2 2

s (de () +m 'QF dn, (y) + n1> - (2dH1 (z) + ”2; dp,(y) + n1> .

Since, for a graph H, for all z € V(H), dg(z) > 6y and dy(x) < Apy.
Therefore, using these facts, we have

. 1
SK(H\VrHy) > 5[711”2(25}11 + 0p, + 11+ n2) + 2ma(dp, + n1) + 4my (20, + ne + 1)].

. 1
SK(H,VrH,) < 5[”1”2(2AH1 + Apy, + 1y 4 n2) + 2me(Ag, + ny) + 4mi (25, +ne + 1)].
m
Example 3.5. using Theorem 3.4, we get

()SK (P iPy,) > %{nlng(nl g+ 3) + 2(ng — D)y + 1) + 4(n1 — D(ns + 3)}.

SK(P,,VrP,,) < %{nmg(nl +n9+6) +2(ne — 1)(ng +2) +4(ny — 1)(n2a +5)}.
(i1)SK (P, pCiy) > %{nlng(nl s+ 4) + 205 (n1 +2) + 4(n1 — 1)(ns + 3)}.
SK(Py/pCoy) < %{nlnz(nl s+ 6) + 2na(ng + 2) + 4(n1 — 1)(na + 5)}.
(i11)SK (Co Vi Po,) > %{nlng(nl s+ 5) 4 2ns — 1)1 + 1) + dny(na + 5)}.
SK(CoViPy,) < %{nlng(nl 12+ 6) + 2ns — 1)(m1 + 2) + dny(na + 5)}.

. 1
(iU)SK(CnI\/RCn2> = §{n1n2(n1 + no + 6) + 2(77,2 -+ 2) + 4n1(n2 + 5)}
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Theorem 3.6. Let Hy and Hs be two connected graphs. Then, the lower
and upper bounds for the SK{(H,VrHz) is given by

1

SKl(Hl\YRHQ) Z [25]{1 + ng[m1(25H1 + %) + 4) + ’I’Lﬂ’lQ((SHz + nl)] + m2(5H2 + nl)z.

SKl(HlvRHQ) < [2AH1 + n2[m1<2AH1 + ng + 4) + n1n2(AH2 + n1)] + mZ(AHQ + n1)2.

N — N

Proof. By using equation(2) in definition of SK; index, we obtain the required
result. O

Vertex @) join of graph:[11] Let H; and H, be two simple graph the
vertex (Q-join graph of H; and H, is denoted by H;VgH, and the graph is
obtained from Q(H;) and H, by joining each vertex of V(H;) to all vertex of
H,.

The vertices of ()-join graphs are having the degree as follows:

dp, () + ng,ifr € V(Hy)
dHvaHg(a:) = dm,(z) +ny,ife € V(Hs) (3)
di, (W) +dy, (k),ife = (w, k)e € I(Hy).
Theorem 3.7. Let Hy and Hs be two connected graphs. Then, the lower
and upper bounds for the SK(HVgH,) is given by

ning

2
ning

2
Proof. By using equation(3) in definition of SK index, we have

SK(H\VoHs) > (O, + Opry + 11 +12) +ma[2(81,)% + Spry + n2) + ma(6p, + ).

SK(Hl\/QHQ) S (AHl + AHQ + ny + TLQ) + ml[Q(AHl)z + AH1 + TLQ] + m2<AH2 + nl).

d(HvaHQ)(x) + d(HvaHz)(y)
2

SK(H\VoH)) = )

IyeE(Hl\'/QHQ)

- (de (2) + nu + diy (y) + nl) Lo, (dHl (w) + dy, (k) + di, (y) + ng)

. 2
oy (G (@) + duy (k) = 23 (i, () + diy (k) + di () + i, (F)
+n1nE(dH1(x)fn2;dH2(2)(+ Th)‘ 2 )

Since, for a graph H, for all x € V(H), dy(z) > 0y and dy(z) < Ap.
Therefore, using these facts, we have
n1Ng

2
ning

2

SK(H\VqHy) > (0, + O, + 1+ n2) +ma[2(6m,)? + 6m, 4 na) + ma(0m, + na).

SK(H,\VoH,) < (Am, + Ay + 11 4 n2) + ma[2(Aw,)? + Ap, + ng) + ma(Ap, +ny).

]
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P3\7Q03 PyvrCy

Figure 2: The example of P3VoC3 and P3VrCj graphs

Theorem 3.8. Let Hy and H, be two connected graphs. Then, the lower
and upper bounds for the SK1(H,VqHa) is given by

i O, +
SKl(Hl\/QHQ) Z Ianl[mg((SHz + nl) + 7’L17L2(5H1 + nz)] + 2m15H1(2(5H1 =+ N9y — 1)
. Ap, +m
SK1<H1\/QH2) S T[TTIQ(AHZ + nl) + nﬂh(AHl + ng)] + 2m1AH1(2AH1 + No — 1)

Proof. By using equation(3) in definition of SK; index, we obtain the required
result. [

Vertex T join of graph:[11] Let H; and H; be two simple graph the
vertex T-join graph of H; and H, is denoted by H;VrH, and the graph is
obtained from T'(H;) and Hj by joining each vertex of V(H;) to all vertex of
H,.

The vertices of T-join graphs are having the degree as follows:

QdHl(ZE) + ng,z’fx c V(Hl)
dHl\'/TH2(:'E) - de(x) + n17if$ € V(HQ) (4)
di, (W) + dg, (k),ife = (w, k)e € I(Hy).

The figure of vertex ()-join and vertex T-join of P; and C3 are given in Fig 2.

Theorem 3.9. Let Hy and Hs be two connected graphs. Then, the lower
and upper bounds for the SK(H,VrH,) is given by

ning

2
ning

2

SK(H\VrHy) >

(26w, + 0, + 1+ n2) + 2ma (67, + 201, + na] + ma(dp, + ).

SK(Hl\/THQ) S (2AH1 + AHQ + nq + ng) + 2m1[A12ql =+ 2AH1 + TLQ] + mg(AH2 + 77,1).
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Proof. By using equation(4) in definition of SK index, we have

Z d(Hl\/TH2)(:E) + d(Hl\/THQ)(y)

SK(Hl\/THQ) = 5

:EyGE(HlvTHz)
— my (dHQ(I) + ny —;— dHZ(y) + nl) i 2m1 <dH1 (’UJ) + dH1 (/{3;4‘ 2dH1 (y) + ng)

Ly <dH1 (w) + du, (k) — 2) <dH1 (w) + du, (k) 4+ dg, (w) + dHl(k)>

2 2
n n1n2<dHl(x) +no +dp,(y) + n1> oy (QdHl(u) +ny + 2dg, (v) + n2)'

2 2

Since, for a graph H, for all x € V(H), dy(z) > 0y and dy(z) < Apy.
Therefore, using these facts, we have

ning

2
ning

2

SK(H,VrHy) > (20p, + O, + My + n2) + 2m1[5?{1 + 20y, + na] + ma(dn, + nq).

SK(Hl\/THQ) S (2AH1 + AHz + nq + TLQ) + 2m1[A%{1 + 2AH1 + ng] + mg(AH2 + Tll).

O
Theorem 3.10. Let Hy and Hs be two connected graphs. Then, the lower
and upper bounds for the SKi(H\NVrHs) is given by

) )
SK,(H,VrH,) > ﬂ[

mao(0p, +n1) + %(2(5;11 + n9) (605, + no) + ng} + 2my (6, — 1)83,-

. A
SK\(HyVrHy) < #

+ 2m1(AH1 — 1)A§{1

|:m2(AH2 + nl) + %(QAHl -+ ng)(GAHl + TLQ) + HQ}

Proof. By using equation(4) in definition of SK; index, we obtain the required
result. [

In the following subsection we consider S K-indices of edge F-join of graphs
for different values of F' = {S, R}.

3.2 Edge F-join of graphs

In this sub section we consider SK and SK;i-indices of edge F-join of graphs
for different values of F' = S, R. First we start with Edge S-join of graph. The
figure of edge S-join and edge R-join of P53 and Cj are given in Fig 3.

Edge S join of graph: Let H; and H; be two simple graph the edge S-join
graph of H; and H, is denoted by H;V¢H; and the graph is obtained from
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W W

PgMSC;), PSMRO3

Figure 3: The example of PV (5 and P3VC5 graphs.

S(H;) and Hy by joining each vertex of I(H;) to all vertex of Hs.

The vertices of edge S-join graphs are having the degree as follows:

du,(z), ifreV(H)
iy g, (€) = 4 duy(x) +my,  ifr € V(Hy) (5)
2+ ny, ifr e I(Hy).

Theorem 3.11. Let Hy and Hs be two connected graphs. Then, the lower
and upper bounds for the SK(HV Hy) is given by

1
SK(Hling) 2 5[7711(2(5[{1 —+ 4 + n2(5H2 + my + N9 + 4)) —+ 2m2((5H2 + ml)]
1
SK(H\V Hy) < 5[ml(zAH1 + 44+ no(Ap, + my +ng +4)) + 2me(Ag, +my)].

Proof. By using equation(5) in definition of SK index, we have

At 1) (2) + doyy s
SK(Hi\VHy) = > (H, H) () ! (v, i) ()
zyeE(H1V H2)
= 2m, Ay (z) + 2+ o + myny 2+ 13 + dp, (y) +
2 2
dm, () +my + dp,(y) +
+m2( () m12 H(Y) ml).

Since, for a graph H, for all x € V(H), dy(x) > 0y and dy(z) < Ag.
Therefore, using these facts, we have

1
SK(Hling) 2 5[7’)7,1(25]{1 -+ 4 + n2(5H2 + my + N9 + 4)) -+ 2m2(5H2 -+ ml)]

1
SK(HlisHQ) S §[m1(2AH1 + 4 + n2<AH2 —+ mq + Mo + 4)) + ZmQ(AHQ + ml)]
]
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Theorem 3.12. Let Hy and Hs be two connected graphs. Then, the lower
and upper bounds for the SK;(H,V Hs) is given by
SK1<H1MSH2) Z [((5[{2 + ml)[m25H2 + m1<m2 + 2’/12 + n%)] + 2m15H1 (2 + TLQ)} .

SKl(Hlyng) S [(AHQ + ml)[mgAHQ -+ ml(m2 + 277,2 + ng)] + 2m1AH1 (2 + ng)] .

N~ DN~

Proof. By using equation(5) in definition of SK; index, we obtain the required
result. O

Edge R join of graph: Let H; and H; be two simple graph the edge
R-join graph of H; and Hs is denoted by H,VyHs and the graph is obtained
from R(H,;) and Hy by joining each vertex of I(H;) to all vertex of Hy. The
vertices of edge R-join graphs are having the degree as follows:

2dH1 (l’), Zfl' € V(Hl)
diyy i, (7) = < dp,(2) + my,  ifr € V(H,) (6)
2+n2, ZfZ'GI(Hl)

Theorem 3.13. Let Hy and Hs be two connected graphs. Then, the lower
and upper bounds for the SK(H1V pH>) is given by

SK(H\NpHy) > —mq[2(20, + no + 2) + 40p, + no(dp, +my + ng + 2)] + ma(dp, + my).

—= o =

SK(HlMRHQ) S §m1[2(2AH1 —|— Mo —|— 2) —I— 4AH1 + nQ(AH2 + ma + Mo —|— 2)] —|— m2<AH2 —|— ml).

Proof. By using equation(6) in definition of SK index, we have

Z d(HlMRH2)(x) + d(H1MRH2)(y)

SK(HVpHy) = 5

zy€E(H1V pH2)

2d 2 2 d
:2m1< Hl(x); +n2)+m1n2< SR §2<y)+m1)

N mQ(dHQ(x) + my ;r du,(y) + ml) by (2dH1(a:) ;L 2dH1(y))'

Since, for a graph G, for all x € V(G), dg(x) > dg and dg(z) < Ag.
Therefore, using these facts, we have

SK(HllRHQ) Z —m1[2(26[{1 + Mo + 2) + 4(5]_[1 + n2(5H2 —f- mq + Mo —|— 2)] —|— m2(5H2 =+ ml).

SK(HVpHy) <

mi1[2(2Ax, + ng + 2) + 4Ay, + no(Ag, + my + ng + 2)] + ma(Apg, +my).

N =N =



24 V. Lokesha et al.

Theorem 3.14. Let Hy and Hy be two connected graphs. Then, the lower
and upper bounds for the SKi(H,NV zHs) is given by

(0g, +mq)
2
(Ap, +my)
2

SK1<H1MRH2) Z {mlng(Q + ng) + m2(5H2 + ml)} + 2m15H1 (2 + %) + 5H1)

SKl(leRHg) S [m1n2(2 + 77/2) + 77’L2(AH2 + ml)} + 2m1AH1 (2 + N9 + AHl)

Proof. By using equation 6 in definition of SK; index, we obtain the required
result. ]

4 Remark

The inequalities does not satisfy for the operators Q(H) and T'(H).

5 Conclusion

In this work, we established some useful formula of the SK-indices of graphs
based on the vertex F-join and edge F-join of graphs where F' = {S, R, Q, T}.
Also, we derived some useful examples of the SK-indices for some important
classes of graphs.

6 Open Problem

As a motivation of this work, it can be extended to find the novel topological
indices for vertex F-join and edge F-join of graphs .
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