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ABSTRACT

This paper introduces an explicit finite-difference scheme (FDS) for time—space fractional-order (FO) advection
equations whose temporal and spatial derivatives have different FOs. The discretization is constructed from a FO
Taylor expansion and produces a forward-Euler—type approximation of Caputo derivatives. We provide a rigorous
treatment of the scheme’s consistency, establish stability via Fourier analysis, and derive convergence by combining
stability with local truncation error estimates. Numerical experiments corroborate the theoretical findings, showing
the method efficiently captures the nonlocal memory effects of FO models. The approach is robust and readily
extendable to multidimensional and nonlinear settings.
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1 Introduction

Over the past decades, FO calculus which extends the notion of differentiation and integration from integer
orders to FO ones has attracted considerable attention across scientific and engineering communities [1,2].
This growing interest arises from the recognition that many complex processes can be described more
accurately using FO-PDEs rather than their integer order counterparts [3,4]. FO-PDEs are particularly
well suited for modeling phenomena with long-term memory and hereditary characteristics, including
viscoelasticity [5], anomalous diffusion in porous media [6,7] and various applications in signal processing
and control theory [8]. The inherent nonlocality of FO operators where the present state depends on the
full history of the system makes them especially powerful for capturing such dynamics. Among these
equations FO advection diffusion models play a crucial role in describing transport in heterogeneous media
where particle motion deviates from classical Brownian dynamics [9-11]. In this context, the advection
term represents bulk transport, while FO diffusion or dispersion accounts for anomalous spreading either
subdiffusive or super diffusive. The present study focuses on a particular case: a pure FO advection
equation characterized by distinct fractional orders in time and space.

The search for closed form solutions for FO-PDEs is normally restricted to highly idealized conditions,
making it extremely difficult for analytical solutions [12,13]. As a result, the need for efficient numerical
methods has been emphasized. Various numerical methods have been tried for solving these equations,
including the Adomian Decomposition Method (ADM) [14, 15], Variational Iteration Method (VIM)
[16-19], Finite Element Methods (FEMs) [20-22], and Spectral Methods [23-27]. Despite these advances
the FDS remains one of the most widely used approaches due to its conceptual simplicity and ease of
implementation [28,29]. For time fractional equations, many FDMs rely on the L1 discretization of
the Caputo derivative [30,31]. An implicit L1 method was proposed by Langlands and Henry and its
stability and accuracy were proved [32]. In the case when the space FO operators are involved, the shifted
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Griinwald-Letnikov formula is used [33]. In order to increase the accuracy of the solutions, compact
difference schemes and Crank—Nicolson schemes have also been implemented [34—37].

Stability and convergence analyses remain central when assessing the reliability of these discretizations.
For explicit schemes applied to linear FO-PDEs with constant coefficients von Neumann (Fourier) analysis
is a standard tool [38] while implicit approaches are typically studied using energy based arguments to
ensure unconditional stability [39,40]. Although implicit schemes offer greater stability margins explicit
formulations are often more attractive due to their lower computational cost per iteration albeit subject to
restrictions on the relationship between spatial and temporal step sizes [41,42].

In this paper we introduce a straightforward explicit FDS for a FO advection equation with distinct
time and space FOs. The derivation employs a fractional Taylor expansion leading to a forward Euler
type discretization in both variables. A comprehensive theoretical investigation is conducted covering
consistency, stability and convergence properties of the method. Numerical experiments are then carried
out to validate the analytical results and to demonstrate the scheme’s effectiveness. The remainder of this
work is organized as follows: Section 2 presents the governing FO advection model, the discretization
framework, and the derivation of the proposed explicit FDS. Section 3 discusses the theoretical analysis,
and Section 4 includes the numerical experiments. Section 5 summarizes the key outcomes and highlights
possible future directions.

2 Problem Formulation

In this study, we address the time—FO advection problem described by

2%u 2%u
W(x,t):ﬁ(x,t)—i—f(x,t), xeQ, 0<t<T, p,0€(0,1). (1)

The system is supplemented with the PCs and I1Cs

@ =0, O0<t<T, 2)
ax 20

u(x,0) = up(x), xeQ, 3)
u(x,T) = u(x), x€Q. 4)

In this model, u = u(x,t) represents the concentration field, and the FO derivatives gZ’j and % are defined

in the Caputo sense.

Definition 2.1 ( [43]). Let u(x,7) be locally integrable on R. The Riemann—Liouville FO integral is
given by

1 t
1¥ ,t:—/t— 2=V y(x, 1) dr, > 0. 5
Fuen) = pogy | 607 s, p )
Definition 2.2 ( [44]). The Caputo FO derivative is given by
0Pu(x,t) 1 t du(x,T) _p .
- _m_@/o S () Pdr, V(g€ (0,1) xRS ©)

The above equation is an example of the contemporary generalization of the classical transport theories,
based on the FO calculus, which is a branch of mathematical analysis that generalizes the concepts of
differentiation and integration to FOs. The evolution of the FO calculus from the early hints in the
correspondence between Leibniz and I’Hopital (1695) to the rigorous definitions by Riemann, Liouville,
and later Caputo, is the required mathematical foundation for the above theories. The Caputo derivative is
the most suitable for physical problems because it naturally includes standard initial conditions.

The integer-order counterpart of (1), obtained when £ = ¢ = 1, is the classical advection Eq. (7):

Ju Jdu

5 oY (N
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which describes the transport of a conserved quantity at constant velocity. For centuries, this model and
its extensions (e.g., the advection-diffusion equation) successfully described Fickian transport, where the
mean squared displacement grows linearly with time. However, experimental observations across various
fields (e.g., physics, hydrology, biology) revealed anomalous transport phenomena that deviate from this
classical behavior:

+ Super-diffusion: (x?) ~ 17, ¥ > 1, observed in turbulent flows or porous media with preferential
paths.

* Sub-diffusion: (x?) ~ 7, y < 1, common in heterogeneous materials or systems with particle trapping.

Such anomalies cannot be handled by integer-order models. The FO derivatives’ non-local characteristics

encode memory effects. The FO temporal derivative %ZZ encodes memory effects, while the FO spatial

derivative % encodes long-range interactions. The model (1) extends the classical advection equation
to the FO framework with separate controls over temporal memory (via ) and spatial non-locality (via
o). The homogeneous Neumann boundary condition (2) describes an insulated or impermeable boundary
condition. The terminal condition (4) hints at a potential connection with a control or optimization
problem, or merely specifies a final state for the system. Figure 1 illustrates the physicist’s role in relating

the FO model with physical phenomena.

[Formulate the physical problem of anomalous transport]

[Translate into mathematical model: FO advection Eq. (1)]

[Interpret FO derivatives: memory (time), non-locality (space)]

[Compare with classical transport model]

Does FO model capture anomalies? —)[Adjust o, o, f(z,t), or conditions]

[Validate with experimental/observational data]<\

[Ensure physical relevance of FO model]

Figure 1. Compact flowchart of the physicist’s role in FO advection modeling.
To numerically solve (1)—(4), we discretize the spatial domain Q = [0, L] uniformly:
xi=1ih, i=0,1,...,N, tj=jk, j=0,1,....M, (8)

where i denotes the spatial mesh size and k represents the time discretization step. Let u{ and fij denote the
numerical approximations of u(x;,#;) and f(x;,¢;). Using a FO Taylor series expansion, we approximate
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the Caputo derivatives as follows:

09u\’ u{“—u{
9°u’ ”{Jrl_”zj
(axc>i~ A Tlot), (10)

where
AT =K°[(j+ 1)Y= )], A =h°[(i+1)°-i°].
Substituting these into (1) yields the explicit FDS:

. . . A* .
+1 1 .

ul] :(1_B)M{+Bulj+l+m l-j, lzl,...,N—l, _]:0, ,M—l,
ué:u{:o’ JIO, ..,M,
uN—uleH—O, j=0,....M, (11
ud = up(x;), i=0,...,N,
uM = uy (x;), i=0,...,N,

AT 1

whereBzﬁ.
AT (p+1)

3 Main Results

In this section, we will analyze the consistency, stability, and convergence of the explicit FDS as presented
in the previous section. The stability and convergence analysis follow the standard procedure for the
analysis of any numerical method. First, we analyze the local truncation error to show the consistency of
the method. Next, we carry out the Fourier stability analysis, and lastly, we show the convergence of the
method using the results obtained in the first two steps. The local truncation error is used to measure the
accuracy with which the exact solution satisfies the FDS. From the approximations obtained using the FO
Taylors series in Eqs (9)—(10), the local truncation error R{ of the FDS (11) at the point (x;,;) is given by:

- 2%u wl ™ — “u uwl | —ul
J_ PR ey iy
R! = W(x”tj) i 5 LD(p+1)| + 8x"(x”tf) i A ‘T(oc+1) (12)
:Rl(-xiathrhtij)+R2(-xi+17-xi7tj50)a l:();luyN_l,.]:OvlavM_l (13)
The remainder terms R; and R, from the FO Taylor expansions are of order:
Aoy j¥ Ck? o, j*# D, —By)j*
Rl(xi,ljﬂ,tj,o):kz‘o[ 21C71J _ 1k01] (D 1)J : (14)
R(p+1) D(p+1)I2p+1) TQ2p+1)
A2 Ggic Czho-Gzizo- (D2 — Bz)izc
Ro(xit1,%i,1;,0) = h*® - 15
2% 1% 1:0) [FZ(G—FI) o+ 1)[26+1)  TQ2c+1) | (15)

fori=0,1,--- ,N—1; j=0,1,--- ,M — 1, where the constants are defined as:

2%y 0%y 0%y 0%y
a2cu aZGM aZGM aZGM
AZZW(OJJ% Bzzaxizc,(ﬁ,fj), Cz:axiza(fzafj)y Dz:axiza(%fj),
and:
Gl:(j—i_l)((g_jpa j:(),l,-“,M—],
o = (i+1)°—i°, i=0,1,--- .N—1.

Since R; = O(k*?) and R, = O (h*°), the overall local truncation error is R{ = O(k*” + h?°), which
tends to zero as k,h — 0. Therefore, the numerical scheme is consistent.
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Definition 3.1 ( [45]). Consider a linear FDS with error mode represented by
gl =gl keR,
where & is the amplification factor. The scheme is said to be stable in the sense of Fourier if and only if
|E| <1 for all wave numbers k and for all time steps j > 0. (16)

Let pij e ul] — Ul.j be the difference between the numerical solution ulj and the exact solution of the
difference equation U;. The error p; satisfies the homogeneous version of the numerical scheme:

j AiT(c+1)\ ; A(c+1) .
Pi < Alr((@+1)> ! AIF(,@+1) pH'l’ ’ ATV ’ ) ) ( )
plO:O’ i:O,"',N, (18)
oM =0, i=0, . o

We assume a solution to the error equation of the form:
pijzgjelaihv i:071>"'7N; j:0717"'7M1 (20)
where [ = v/—1 and ¢ = 27tm is the wave number. Substituting (20) into (17) yields:

€j+lelm’h — (1 —B) éjelcih _‘_ngelcr(i—i-l)h’ 1)

AT(6+1)
AT (p+1)

where B = Ioih

factor:

. Dividing both sides by ¢'°"", we obtain the recurrence relation for the amplification

Eiv1=[1-B+Be"&;,  j=0,1,--- . M—1. (22)

The term G = 1 — B+ Be!°" is the amplification factor. For stability, we require that the magnitude of this
factor does not exceed unity for all wave numbers ©.

Theorem 3.1. The scheme (11) is stable if foralli=0,1,--- N—1and j=0,1,--- ,M — 1, the following
condition holds:

'LAIF("“) Ao+ D) ot <1, poe(0,1). @3

AT(p+1)  MT(p+1)

Proof. Consider the error equation:

P = (1 AT ) )P T AT (o) P )

Assume the error can be expressed as a discrete Fourier series:

pl="Y &me™™, (25)
m—=—oo
where ¥, = 27m. Substituting into (24):
Z€j+1 (m)elﬁmih = (1 — B) Zé} (m)elﬂmih _'_BZé] (’,’,1)61‘19771(H—l)h7 (26)
m m m
where B = ifgé;ﬂg . For each mode m, we divide by ! Omih.

—B)&;(m) + BEj(m)e' "

Ei+1(m) = (1
= G(’?.hm) éj(m)7

27
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with amplification factor:
G(i, j,m) =1—B+ Be!"" (28)

By the theorem’s condition, |G(i, j,m)| < 1 for all i, j, m. Therefore,

841 (m)| =[G (i, j,m)| -G (m)] < [&;(m). (29)
By induction:
& (m)[ < [Go(m)[  for all j. (30)
The 2-norm of the error is:
lp/IE="Y 1&mP< Y 1Eo(m)*=p°3: Gn
m=—oo m=—co
Hence, ||p/||2 < ||p°]|2 for all j, and the scheme is stable. O

Definition 3.2 ( [46]). Let u(x,t) be the exact solution of the continuous problem and u{ the numerical
solution obtained from a FDS. The scheme is said to be convergent in the sense of Fourier if, for any fixed
final time T = MAt, we have

lim max max |u(x;,t;) —ul| = 0. 32
A0 0<j<M ogigzv‘ (e tj) = ]| (32)
Ax—0

Equivalently, in terms of Fourier analysis, convergence holds if the amplification factor & of the scheme
satisfies
<1 and lim &= 0 33
8] < plim & =e , (33)
where A (k) is the exact Fourier symbol of the differential operator for all wave numbers k.
Let e{ = u{ — u(x;,t;) be the error between the numerical solution and the exact solution of the
continuous PDE. Subtracting the exact equation from the numerical scheme, we obtain the error Eq. (34):

! AT (po+1)

, +ng" i=0,1,---,N; j=0,1,--- ,M. (34)

G AT(pr)

Theorem 3.2. Assume the stability condition (23) holds and the local truncation error satisfies |R'||c <
C*(k*” 4 1?°) for all j. Then, the scheme (11) is convergent, and the error satisfies:

||ej||°°§C*M(k2p+h20-)7 jZO,l,"',M, (@,66(0,1). (35)
Proof. Under the stability condition (23), which is equivalent to 0 < B < 1 where

_ AT(c+1)

=1 _— 7 36
AT (p+1) (36)
we analyze the error equation:
e/ ' =(1-B)e/+Bel | +R], =01, N; j=0,1,--- .M. (37)
Taking absolute values and applying the triangle inequality:
- . . .
e/ | < (1=B)lef| +Blef, | +|R]l. (38)
Since 0 < B < 1, we have (1 — B) 4+ B = 1. Taking the maximum over i on both sides yields:
e oo < llelloo + |R7]|o. (39)
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Given that ||€°||.. = O (initial error is zero), we proceed by induction:

I/l < jZl IR [oo- (40)

m=0

By assumption, ||R"||.. < C*(k*?+ h°) for all m, so:
€] < JC*(K* + h*®) < MC*(K*# + h*°). (41)
Thus, the scheme is convergent under the stated conditions. 0

The development of the proposed explicit FDS relies essentially on two complementary theoretical
foundations:

* FO Taylor Expansion: This theory extends the classical Taylor series to FOs allowing the approxi-
mation of Caputo derivatives. It plays a crucial role in discretizing the time space fractional advection
equation leading to a forward Euler type scheme that is simple, explicit and efficient. By capturing the
nonlocal and memory properties inherent in FO calculus it ensures that the method accurately reflects
the underlying physics of anomalous transport.

* Fourier Stability Analysis: This theory provides a rigorous framework for assessing the stability of
numerical schemes. By analyzing amplification factors in the Fourier space it identifies the stability
region and ensures that numerical errors remain bounded during time integration. Combined with
consistency analysis it guarantees convergence of the method.

Together, these two theories facilitate the construction, validation, and theoretical foundation of the
proposed scheme (Figure 2). The FO Taylor expansion develops the discretization, while Fourier stability
analysis ensures its reliability, making the overall model both accurate and robust.

Start: Define FO advection model

l

Discretize derivatives using FO Taylor Expansion

l

Formulate explicit forward-Euler type scheme

l

Apply boundary and initial conditions

l

Perform Fourier Stability Analysis

l

Combine stability with consistency to prove convergence

|

Reliable and efficient numerical model

Figure 2. Contribution of the two theories in developing the proposed model.
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4 Simulation Results

In this section, the explicit FDS developed in this study is implemented for solving two different test
problems for linear time-space FO advection equations. The aim of these test problems is to validate the
accuracy and efficiency of the numerical scheme for solving different scenarios of source terms, domains,
and boundary conditions. Each of these test problems is intended to validate the applicability of the
numerical scheme in solving FO PDEs with non-integer derivatives. The numerical method employed is
the explicit FDS derived in Section 2, which is based on FO Taylor series expansions for approximating
Caputo derivatives. The stability and convergence of this scheme have been rigorously analyzed in
Section 3 (Theorems 3.1 and 3.2), ensuring its reliability under the specified conditions. The following
test problems were solved using the proposed scheme (Table 1):

Table 1. Comparison of parameters for advection—diffusion equation.

Parameter Eq. (1) Eq. (2)
Time FO g 0.999 0.899
Space FO ¢ 0.999 0.979
Space domain Q [0,5] [0,5]

Time domain [0, 7] [0,5] [0,5]
Spatial discretization size N 100 100

Time discretization size M 100 100
Spatial mesh size & 0.05 0.05
Temporal mesh size k 0.05 0.05
Initial condition 0.65sin(x)  0.85sin(x)
Terminal condition 0.75cos(x) 0.45cos(x)
fle) 1 1

1 +x#t° 1+0.75x#120

The suggested explicit FDS was coded in MATLAB, and all test problems were solved numerically.
The numerical solutions obtained show the effectiveness of the method in solving FO advection equations
of different orders, source terms, and boundary conditions. The numerical solutions obtained satisfy the
stability conditions presented in Theorem 3.1, while the convergence of the numerical solutions obtained
satisfies the error bounds presented in Theorem 3.2. Figures 3 and 4 show the numerical solutions of
Problems 1 and 2, respectively. The numerical solutions obtained show the expected physical behaviors
of the solutions, including wave propagation and diffusion, as presented in the FO advection equations.

Numerical Solution of the Fractional Advection Equation (1)

uixt)

Figure 3. Numerical solution for Eq (1).
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Numerical Solution of the Fractional Advection-Diffusion Equation (2)

Figure 4. Numerical solution for Eq (2).

The results presented in Figures 3 through 4 are crucial to the validation of the theoretical results
related to the stability and convergence properties of the proposed explicit FDS. The application of
the proposed method to different test problems with different FO orders, source terms, and boundary
conditions clearly validates the accuracy and reliability of the proposed method in capturing the non-local
effects and memory characteristics of the FO operators. In addition, the accuracy of the obtained numerical
solutions clearly validates the physical behavior and properties that can be observed in the results. Eq. (1),
with £ =0.999 and o = 0.999, is close to the classical advection equation and has smoother behavior,
which results in convergence. Eq. (2), with o= 0.899 and 6 = 0.979, has stronger memory effects and
non-local behavior and is more difficult and challenging to solve using the FO operator; however, it is also
the best test problem to evaluate the capabilities of the proposed method with respect to FO operators.

5 Conclusion

In the paper, we proposed a simple explicit FDS for solving the time-space FO advection equations with
different FO orders in the time and space variables. The proposed method is based on the FO Taylor
series expansion and has been rigorously analyzed with respect to its stability and convergence properties.
Theoretical analysis has proved that the proposed method is stable under certain conditions and has
convergence properties with an error bound depending on the discretization parameters. To confirm the
accuracy of the proposed method, several numerical tests were carried out on different test problems with
different FO orders, source terms, and boundary conditions. The accuracy and efficiency of the proposed
method were clearly presented in the numerical tests, as illustrated in Figures 3 and 4. The results show
that the proposed method can efficiently handle the non-local memory effects in the FO derivative and can
be used to solve the FO PDEs. In the future more research can focus on the multi dimensional space and
nonlinear FO equations as well as the adaptive methods for accuracy and efficiency.

6 Open Problem

Several directions remain open. Extending the proposed explicit FDS to multidimensional and nonlinear
time—space FO advection equations requires new consistency, stability, and convergence analyses. Sharp
error estimates for nonsmooth or weakly singular solutions, adaptive time-stepping and spatial refinement
strategies, and high-order explicit schemes with enlarged stability regions are still needed. Another open
question is the derivation of explicit stability constraints for variable-order and distributed-order FO
advection models, as well as the coupling of such schemes with the control or optimization problems
suggested by the terminal condition.
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Appendix

Figure 5 summarizes the complete workflow of the proposed explicit FDS.

Input parameters:
Orders, domain length, final time, grid sizes, step sizes,
initial condition, terminal condition, source term

l

[ Generate uniform grid in space and time J

[ Compute FO increments ]—» [ Fourier analysis of amplification factor ]

Define coefficient B . .
Consistency analysis

[ Explicit update scheme (time marching) ]—»[ Apply boundary, initial, and terminal conditions }

Convergence analysis

[ Post-process and visualize results

End

Figure 5. Workflow of the explicit FDS via a FO Taylor expansion.

Declarations

Funding. The authors received no external funding for this research.

Conflicts of interest. The authors declare that they have no competing interests.
Ethics approval. Not applicable.

Informed consent. Not applicable.

Data availability. The data supporting the findings of this study are available from the corresponding author upon
reasonable request.

Author contributions. All authors contributed equally to the conceptualization, analysis, and writing of this
manuscript.

Use of artificial intelligence. No Al tools were used beyond language editing.

References
[1] I Podlubny, Fractional Differential Equations. San Diego, CA: Academic Press, 1999.

[2] A. A.Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional Differential Equations.
Amsterdam: Elsevier, 2006.

[3] K. Diethelm, The Analysis of Fractional Differential Equations. Berlin: Springer-Verlag, 2010.

[4] F. Mainardi, Fractional Calculus and Waves in Linear Viscoelasticity. London: Imperial College Press, 2010.

ISSN 1998-6262 (Print) - 2079-0376 (Online) - Al-Zaytoonah University of Jordan - https://ijopcm.zuj.edu.jo/ 58


https://ijopcm.zuj.edu.jo/

Int. J.

Open Problems Compt. Math. Vol. 19, No. 4, December 2026

(5]

(6]

(7]

(8]

(9]

(10]

(11]

(12]

[13]

(14]

(15]

[16]

(17]

(18]

[19]

(20]

(21]

[22]

(23]

(24]

[25]

[26]

P. Singh, N. Zade, P. Priyadarshi, and A. Gupte, “The application of machine learning and deep learning
techniques for global energy utilization projection for ecologically responsible energy management,” Int. J.
Adv. Soft Comput. Appl., vol. 17, no. 1, pp. 49-66, 2025.

R. Metzler and J. Klafter, “The random walk’s guide to anomalous diffusion: A fractional dynamics approach,”
Physics Reports, vol. 339, pp. 1-77, 2000.

M. M. Meerschaert and C. Tadjeran, “Finite difference approximations for fractional advection—dispersion
flow equations,” J. Comput. Appl. Math., vol. 172, no. 1, pp. 65-77, 2004.

D. Baleanu, K. Diethelm, E. Scalas, and J. J. Trujillo, Fractional Calculus: Models and Numerical Methods.
Boston: World Scientific, 2012.

W. Chen, H. Sun, X. Zhang, and D. KoroSak, “Fractional advection—dispersion equation: A new physical
phenomenology, mathematical model and numerical study,” Comput. Math. Appl., vol. 47, no. 2-3, pp. 369—
376, 2004.

A. N. Anber and Z. Dahmani, “The Laplace decomposition method for solving nonlinear conformable
fractional evolution equations,” Int. J. Open Probl. Comput. Math., vol. 17, no. 1, pp. 67-81, 2024.

I. H. Jebril and 1. Batiha, “A stable and convergent implicit finite difference scheme for variable-order time-
fractional convection—diffusion equations,” Int. J. Open Probl. Comput. Math., vol. 19, no. 1, pp. 73-94,
2026.

C. Liand F. Zeng, Numerical Methods for Fractional Calculus. Boca Raton, FL: CRC Press, 2015.

I. Siddique and I. A. Pan, “A survey of numerical methods for fractional-order differential equations,” Ain
Shams Eng. J., vol. 11, no. 3, pp. 791-819, 2020.

V. Daftardar-Gejji and H. Jafari, “Solving a multi-order fractional differential equation using Adomian
decomposition,” Appl. Math. Comput., vol. 189, no. 1, pp. 541-548, 2007.

D. Albogami, D. Maturi, and H. Alshehri, “Adomian decomposition method for solving fractional time—Klein—
Gordon equations using Maple,” Applied Mathematics, vol. 14, no. 6, pp. 411418, 2023.

G. C. Wu, “Fractional variational iteration method and its application,” Physics Letters A, vol. 374, no. 25,
pp- 2506-2509, 2010.

H. K. Jassim, A. M. S. Mahdi, and C. K. Al-Khazali, “Local fractional variational iteration method for solving
local fractional partial differential equations,” Appl. Appl. Math., vol. 10, no. 2, pp. 869-879, 2015.

H. Khan, R. Bibi, and M. A. Turi, “Fractional variational iteration method for solving fractional partial
differential equations with proportional delay,” Int. J. Anal. Appl., vol. 13, no. 1, pp. 69-76, 2017.

G. C. Wu and D. Baleanu, “Fractional variational iteration method and its application to a fractional diffusion—
wave equation,” J. Franklin Inst., vol. 348, no. 8, pp. 2115-2122, 2011.

J. P. Roop, “Computational aspects of FEM for fractional diffusion equations,” J. Comput. Appl. Math.,
vol. 193, no. 1, pp. 243-268, 2006.

B. Jin, R. Lazarov, and Z. Zhou, “An analysis of the finite element method for the space-fractional parabolic
equation,” SIAM J. Numer. Anal., vol. 53, no. 1, pp. 153-176, 2015.

C. A. Nnakenyi, “Conformable finite element method for conformable fractional partial differential equations,”
AIMS Mathematics, vol. 8, no. 11, pp. 27357-27376, 2023.

J. Shen and Z. Wang, “A fast and accurate spectral method for fractional differential equations,” SIAM J. Sci.
Comput., vol. 40, no. 1, pp. A221-A245, 2018.

M. Dehghan, S. Abbaszadeh, and M. R. Eslahchi, “A spectral method for solving fractal-fractional differential
equations,” Numer. Methods Partial Differential Equations, vol. 37, no. 1, pp. 539-567, 2021.

B. N. Abood and S. K. Alaiwi, “Spectral method for solving fractal fractional differential equations,” J. Phys.:
Conf. Ser., vol. 2322, Art. no. 012061, 2022.

J. Shen, L. L. Wang, and H. Yu, “A sparse spectral method for fractional differential equations in one-spatial
dimension,” ESAIM: Math. Model. Numer. Anal., vol. 56, no. 6, pp. 2039-2062, 2022.

ISSN 1998-6262 (Print) - 2079-0376 (Online) - Al-Zaytoonah University of Jordan - https://ijopcm.zuj.edu.jo/ 59


https://ijopcm.zuj.edu.jo/

Int. J.

Open Problems Compt. Math. Vol. 19, No. 4, December 2026

[27]

(28]

(29]

(30]

(31]

(32]

(33]

(34]

[35]

(36]

[37]

(38]

(39]

(40]

[41]

[42]

[43]

[44]

[45]

[46]

H. Dehestani, Y. Ordokhani, and A. A. M. Arafa, “Improvement of the spectral method for solving multi-
term time—space Riesz—Caputo fractional differential equations,” Math. Methods Appl. Sci., vol. 45, no. 16,
pp- 9043-9062, 2022.

S. B. Yuste and L. Acedo, “An explicit finite difference method and a new von Neumann-type stability analysis
for fractional diffusion equations,” SIAM J. Numer. Anal., vol. 42, no. 5, pp. 1862—-1874, 2005.

Y. Zhang, “A finite difference method for fractional partial differential equation,” Appl. Math. Comput.,
vol. 215, no. 2, pp. 524-529, 20009.

Z.Z. Sun and X. Wu, “A fully discrete difference scheme for a diffusion—-wave system,” Appl. Numer. Math.,
vol. 56, no. 2, pp. 193-209, 2006.

Y. Lin and C. Xu, “Finite difference/spectral approximations for the time-fractional diffusion equation,” J.
Comput. Phys., vol. 225, no. 2, pp. 15331552, 2007.

T. A. Langlands and B. I. Henry, “The accuracy and stability of an implicit solution method for the fractional
diffusion equation,” J. Comput. Phys., vol. 205, no. 2, pp. 719-736, 2005.

M. M. Meerschaert and C. Tadjeran, “Finite difference approximations for two-sided space-fractional partial
differential equations,” Appl. Numer. Math., vol. 56, no. 1, pp. 80-90, 2006.

C. Tadjeran, M. M. Meerschaert, and H. P. Scheffler, “A second-order accurate numerical approximation for
the fractional diffusion equation,” J. Comput. Phys., vol. 213, no. 1, pp. 205-213, 2006.

G. H. Gao, Z. Z. Sun, and H. W. Zhang, “A new fractional numerical differentiation formula to approximate
the Caputo fractional derivative and its applications,” J. Comput. Phys., vol. 259, pp. 33-50, 2014.

X. Li and T. Wei, “High order compact difference scheme for solving the time multi-term fractional sub-
diffusion equations,” AIMS Mathematics, vol. 7, no. 5, pp. 8352-8373, 2022.

J. He, S. Chen, and W. Hao, “High order difference schemes for space Riesz variable-order nonlinear fractional
diffusion equations,” Fract. Calc. Appl. Anal., vol. 27, no. 1, pp. 211-246, 2024.

F. S. Al-Shibani and A. I. Md. Ismail, “Explicit finite difference methods for the solution of the one-dimensional
time fractional advection—diffusion equation,” AIP Conf. Proc., vol. 1660, Art. no. 050082, 2015.

P. Zhuang and F. Liu, “Implicit difference approximation for the time fractional diffusion equation,” J. Appl.
Math. Comput., vol. 22, no. 3, pp. 87-99, 2006.

C. M. Chen, F. Liu, I. Turner, and V. Anh, “A Fourier method for the fractional diffusion equation describing
sub-diffusion,” J. Comput. Phys., vol. 227, no. 2, pp. 886897, 2007.

bl

E. Sousa, “A second order explicit finite difference method for the fractional advection—diffusion equation,
Comput. Math. Appl., vol. 64, no. 10, pp. 3141-3152, 2012.

F. S. Al-Shibani, A. I. M. Ismail, and F. A. Abdullah, “Explicit finite difference methods for the solution of
the one-dimensional time fractional advection—diffusion equation,” AIP Conf. Proc., vol. 1605, p. 639, 2014.

I. M. Batiha, O. Ogilat, I. Bendib, A. Ouannas, I. H. Jebril, and N. Anakira, “Finite-time dynamics of the
fractional-order epidemic model: Stability, synchronization, and simulations,” Chaos Solitons Fractals: X,
vol. 13, Art. no. 100118, 2024.

M. M. A. Hammad, 1. Bendib, W. G. Alshanti, A. Alshanty, A. Ouannas, A. Hioual, and S. Momani,
“Fractional-order Degn—Harrison reaction—diffusion model: Finite-time dynamics of stability and synchroniza-
tion,” Computation, vol. 12, no. 7, Art. no. 144, 2024.

R.J. LeVeque, Finite Difference Methods for Ordinary and Partial Differential Equations: Steady-State and
Time-Dependent Problems. Philadelphia: SIAM, 2007.

P. D. Lax and R. D. Richtmyer, “Survey of the stability of linear finite difference equations,” Comm. Pure
Appl. Math., vol. 9, no. 2, pp. 267-293, 1956.

ISSN 1998-6262 (Print) - 2079-0376 (Online) - Al-Zaytoonah University of Jordan - https://ijopcm.zuj.edu.jo/ 60


https://ijopcm.zuj.edu.jo/

	Introduction
	Problem Formulation
	Main Results
	Simulation Results
	Conclusion
	Open Problem

